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§. Self-dual Yang Mills equation

A, =Ay,2,7,2) (u=1y,z,79,2) : matrix-valued functions
Field strength : F,, (u,v=1y,2,7,Z2)
Foo=0,A,—0,A,+[A, A,
Self-duality equation :
F, =Fy =0, F,+F. ;=0
Invariant under the gauge-transformation,

A, — A, =G'AG+G0,G).

Yang’s formulation

We can choose G and G such that

( (

8yG :GAy, 8gé :G!Ag7

0.G =GA., 0:G =GA:.
\
If we define the matrix J as J = G(_;_l, the self-duality equation

takes the form

0y (J10,J) + 05 (J'0.J) = 0.



SDYM as integrable system

e Lax pair (Belavin-Zakharov)

7

0 0
(—ay+C—aZ> ¥ = (A,+CA;)¥
0 0

e Hirota bilinear method (Sasa-Ohta-Matsukidaira)

7\

1 ({1 -
Setting J = ? ( J ) , we introduce “7-functions”

e f?>—eg
as follows:
o Tn+1,m—1 o Tn,m—1 o Tpn—1,m—1
€ = ) f - ) — ’
Tn,m Tn,m Tn,m
which satisfy Hirota-type equations,
DyTn,m " Tn+1,m—1 + DZTn+1,m " Tnm—1 — 0
DzTn,m "Tp+lm—1 — DyTn+1,m "Tpm—1 — 0
L — = 0
Tn,m Tnm+1Tn,m—1 Tpn+imTn—1m —

e Twistor approach (Atiyah-Ward)
e Riemann-Hilbert problem (Ueno-Nakamura)

e Darboux transformation (Nimmo-Gilson-Ohta)



Ward’s conjecture

Ward (1985) has conjectured that:

“many (and pahaps all?) of the ordinary and partial
differential equations that are regarded as being integrable
or solvable may be obtained from the self-dual gauge field

equations (or its generalizations) by reduction”.

(241)-dimension

KP equation
e 2-dim. Toda equation — <

Davey-Stewartson equaion

e (2+1)-dimensional chiral ﬁgld equation (Ward)
(141)-dimension

e KdV equation, NLS equation, sine-Gordon equation

e Chiral field equation, Ernst equations
1-dimension

e Fuler-Arnold top
e Chazy equation

e Painlevé equaions



SDYM hierarchy

(Nakamura (1987), Takasaki (1990), Ablowitz (1991))

The Lax pair for the SDYM equation

7

o 0
(@”&)‘I’ = (A, + (AT

0 0

7\

4

The Lax pair for the SDYM hierarchy

(s e3e)w = (4 +ca)s

(6% _ g”(%) U - (AS” _ gnAg) o

7\

However, it is not straightforward to introduce “7-functions” using

these linear equations.

Cf. Case of the KP hierarchy

Linear equations for ¥ — “r-functions”

What is the meaning of the work of Sasa-Ohta-Matsukidaira?




An Idea:

Introduce SDYM-type time-evolutions to

the Sato Grassmannian

e 2 component KP hierarchy — |reduction| — NLS hierarchy

w Y By Z w, ()0, " (PsDO with matrix coefficients)
n=1

We impose the condition |Wa, W™ = E9,

Dependence on @ = (x1, xo,...) :

1% %4
ox,,

=B,W -WP9, B,=[WPIHW™']|_ |

e Hierarchy of gauge field equations

Dependence on y = (yo, Y1, Yo, - - - ) :

W _ C,W + a—Wa;;, C,=— [a—Wagwll
OYn Yo Yo >0
Dependence on z = (2, 21, 22, ... ) :
_ — %%
W _ C,W + a—Wa;}, C,=— 8—aggw—1
Ozp 02 0z >0



This hierarchy contains several interesting examples:

Example 1 : (2+1)-dim. NLS equation

(Bogoyavlensky (1990), Schiff (1992), Strachan (1993))

Consider the time evolutions w.r.t. 1 and ;.

%TW = B1W—WP8x, 31:P6x+w1P_Pw17
1

OW oW Ow

— = C1W +—0,, Ci=——

Oy : Yo : 9Yo

If we define (formal) Baker-Akhiezer function as

(9‘1’0 8\:[!0 a\IIO
05 8:13 05 ayl ay() )
then we have
([ OW
= — (P\+w P — Pw))¥,
< axl
o _ ()\ o —8“’1)\11.
Oy dYo dYo
U
w1 U
wq = , X:ixl, Yzy(), T=y1
—u* we

4

X
iuT+qu+2u/ (|u]2)de =0



Example 2 : (2+1)-dim. chiral field (Ward (1988))

Consider the time evolutions w.r.t. y; and y_;.
v

(9_:()\ 0 _(‘9wl>qj7

Y dyo Oy

ow 0 Ow
=71 ( - Oml) v
L Y1 dyo Yo !

U
et 31017  def _(91110,&)0_1
Yo Yo

Oy — Op. Oy — O+ 0y, 0y, — 0 —0,
Y

p

N\

"

(O + 0y) = (A0 — A,

(O — 0,0 — (la T 5) W

7\

AN
|

A=J NI+ J,), B=J1,

\

4

O(J ) = 0u(J T —0,(J T+ [T T, T T =0,



§. Lie algebraic aspects

Realization of ;[2 = Soliton equations

[Date-Jimbo-Kashiwara-Miwa, 1981]

1-component KP 2-component KP
KP eq. o g/(\[oo o DS eq.
U
KdV eq. — ;[2 — NLS eq.

NLS : 2-component fermions ¢§&), %@* (J €Z,a=1,2)

0y = 0das [0 0] = 9 =0

sly, Z Z ¢§&> ® w;a)* =0 — “Bosonization”
a=1,2 jeZ
—  Bilinear Identity for NLS

“Bosonization”

def %
H, = Z¢j¢n+j —= [HmaHn] = m5m+n,0

JEZ
0

Ln




s[5 : toroidal sl, algebra

g® Clt, t™1] === affine Lie algebras
central extension N
g®Cls,s 1 t,t7!] === 2-toroidal Lie algebras

sl =5l @ Cls, s, t,t71 @ Qu/dA

A=Cl[s,s L t,t7Y, Q4= Ads® Adt

Canonical projection

o Qg — QA/dA
W W
fdg —  fdg

Relations: e [z ® a,y @ b] = [z,y] ® ab + (x|y)(da)b

(z,y € sly, a,b e A, (z|y) : Killing form )

o [s[gor, QA/dA} =0

10



Representation theory of sli’" — Little is known so far.

There is a simple class of representations of toroidal Lie algebras:

(V,m) : a representaion of g (affine Lie algebra)

Xm(2), K2.(2), K! (2) : Operators acting on V ® Cly, %]

Proposition

Xn(2), K2 (2), K! (2) give a representation of g*" :

Xp(2) =) (X®@s"") - 2",

nez

K (z) = Z stltmds - 27",

nez
Kl (z) = Z sngm=Ldt .z~

nez
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NLS-case [K.-Ikeda-Takasaki, 2001]

> —  realization of ;[2

| “toroidalization”
\

V()@ (p)Valy,p), ()W (p)Va(y, p),

{: oW (p)pW*(p) : — : P (p)P*(p) 3V, (y, p)

)
/

Valy,p) =exp [ n > ply;
=0

“Casimir-like” operator

0 55 A il ) © 6 IV, )

2mIA
meZ a=1,2
Properties:
o [5[5“, Qtor] =0 ® Qt0r|51,82> & |81,82> = 0

4

Use “Boson-Fermion correspondence” and “Billig’s Lemma”

4

Bilinear Identity for (241)-dimensional NLS hierarchy
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Lemma [Billig, 1999
Let P(n) = 3°,.,n'Pj, where P are differential operators that

may not depend on z. If

> 2"P(n)f(z) =0

nez

for some function f(z), then

P<€ - ZaZ)f(Z)‘z:l =0

as a polynomial in €.

Proof.

0 = > =P =22 dZ

"z J20 neZ (zo, )]Zn
RS (ﬁ) 68(=) ()Y = 1)
N Z( 1 (k/f—li_lul) 0W(2)(Peng)(z = 1)
= Z (klef)!(Png)(l)(z =1) =0

Introduce a formal parameter €, we can rewrite as follows:

EDHIEIE G

— ZZ(—l)”_kekk! (nn‘_ k)!(Png)(l)(Z =1)

= (e = 20.)"(Prg)(z = 1)
= (P(e—20.)9)(z=1) m



Bilinear Identity

Mg

27\

(_1)5'24-5'2'}{ dA )\51 s{+k—1 f( 24 A) DM )1 expl a (o) ]
1

xexp|—n(b, \)D,, + b D, | 7oiHbst L i
p Yo Yj 51 52 s1+11,52+10
7j=1

dA o ik (=20, 0) (DD A1 - @ p
+7é27r1)\)\ ) exp Za] :

a=1,2 j=1

a=12j

sy sy+1 81,851 _
X eXp[ (b )\ D?JO + E :b D?JJ] 511 82 TS1+117S2+12 =0
7j=1

(6.9]
(3% = (5], 5le g5y, ), Zw 1(b.A) = > b))
j=1

( D§- ) . Hirota’s bilinear operators )

Examples of Hirota-type equations:
(

5 111
Dy Too Too +2700 Too = U,

N\

-1
(Dy1+Dw1Dyo)Too Too = U,

1 1 0,0
(Dy1 +D?ElDyo) "Too = 0

\

( Same equations as [Strachan], [Sasa-Ohta-Matsukidaira)] )

L1 L1
0,0 « 0,0 . _ _
U=—5, U = Ojo,X—m:l,Y—yo,T—yl
70,0 70,0

X
iuT+qu+2u/ (’u’Q)YdX =0

( (24+1)-dimensional NLS equation )
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Equations from different sectors

Qtor (‘81, 82>t0r ® |81 4+ 1’ So 4+ 1>tor)

- Z { (|]s1+ 1, 52) ® ™) ® <|51, so+1)® e_myé)

meZ
— (|51, 8524+ 1) ®@ ™) ® (‘31 +1,8) ® e_myé) }
J

Examples of Hirota-type equations:

s1+1,89 _s1,59+1 s1+1,89 _s1,590+1 0
- 9

51,52\2
(TSQ,Sl ) + 7_52—1—1,81 TSQ,Sl—t—l 7_82,81-1-1 so+1,s51

s1t+l,s2 _s1+1,s9

sitlso—1 | -s1,82
D?JOTS2,81 Tsos1 — D?Jl7_52,81+1 sot+1,517

s1—1,s0+1 51,80 __ 51,59+1 ) 51,59+1
DyOTSQ,Sl 7_52,51 T DleSQ,sﬁ—l s9+1,s1 7

Setting
0,0 0,1 11
g_ L{1 —g _her 1,0 70,0
“Fle f2oeg)’ € 0,0 7 = 1507 0.0
g 0,0 0,0 70,0
g:y(b < =UYi, Z:Z()v Yy=—=2,

4

o (- ,0J\ & (. I\
ay(J 8y>+8z(J az> =0

( Self-duality equation in Yang’s R-gauge )
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Summary

Self-dual Yang-Mills
3-toroidal sl

((242)-dimension)

!

(241)-dim. NLS
KdV 2-toroidal sl
Chiral Field

|
(1+1)-dim. soliton egs. sly C gl
NLS «—— Davey-Stewartson eq.
KdV «— KP eq.
Chiral Field «—— 2-dim. Toda eq.

16



