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§. Self-dual Yang Mills equation
Au = Au(y, z, ȳ, z̄) (u = y, z, ȳ, z̄) : matrix-valued functions

Field strength : F uv (u, v = y, z, ȳ, z̄)

F uv = ∂uAv − ∂vAu + [Au,Av].

Self-duality equation :

F yz = F ȳz̄ = 0, F yȳ + F zz̄ = 0

Invariant under the gauge-transformation,

Au �→ Ãu = G−1AuG + G−1(∂uG).

Yang’s formulation

We can choose G and Ḡ such that
∂yG =GAy,

∂zG =GAz,


∂ȳḠ =ḠAȳ,

∂z̄Ḡ = ḠAz̄.

If we define the matrix J as J
def
= GḠ

−1
, the self-duality equation

takes the form

∂ȳ

(
J−1∂yJ

)
+ ∂z̄

(
J−1∂zJ

)
= 0.
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SDYM as integrable system

• Lax pair (Belavin-Zakharov)
(

∂

∂y
+ ζ

∂

∂z̄

)
Ψ = (Ay + ζAz̄)Ψ(

∂

∂z
− ζ

∂

∂ȳ

)
Ψ = (Az − ζAȳ)Ψ

• Hirota bilinear method (Sasa-Ohta-Matsukidaira)

Setting J =
1

f

(
1 −g
e f 2 − eg

)
, we introduce “τ -functions”

as follows:

e =
τn+1,m−1

τn,m
, f =

τn,m−1

τn,m
, g =

τn−1,m−1

τn,m
,

which satisfy Hirota-type equations,

Dyτn,m · τn+1,m−1 +Dz̄τn+1,m · τn,m−1 = 0

Dzτn,m · τn+1,m−1 −Dȳτn+1,m · τn,m−1 = 0

τ 2
n,m + τn,m+1τn,m−1 − τn+1,mτn−1,m = 0

• Twistor approach (Atiyah-Ward)

• Riemann-Hilbert problem (Ueno-Nakamura)

• Darboux transformation (Nimmo-Gilson-Ohta)
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Ward’s conjecture

Ward (1985) has conjectured that:

“many (and pahaps all?) of the ordinary and partial

differential equations that are regarded as being integrable

or solvable may be obtained from the self-dual gauge field

equations (or its generalizations) by reduction”.

(2+1)-dimension

• 2-dim. Toda equation→


KP equation

Davey-Stewartson equaion

• (2+1)-dimensional chiral field equation (Ward)

(1+1)-dimension

• KdV equation, NLS equation, sine-Gordon equation

• Chiral field equation, Ernst equations

1-dimension

• Euler-Arnold top

• Chazy equation

• Painlevé equaions
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SDYM hierarchy

(Nakamura (1987), Takasaki (1990), Ablowitz (1991))

The Lax pair for the SDYM equation
(

∂

∂y
+ ζ

∂

∂z̄

)
Ψ = (Ay + ζAz̄)Ψ(

∂

∂z
− ζ

∂

∂ȳ

)
Ψ = (Az − ζAȳ)Ψ

⇓

The Lax pair for the SDYM hierarchy
(

∂

∂yn
+ ζn

∂

∂z̄

)
Ψ =

(
A(n)

y + ζnAz̄

)
Ψ(

∂

∂zn
− ζn

∂

∂ȳ

)
Ψ =

(
A(n)

z − ζnAȳ

)
Ψ

However, it is not straightforward to introduce “τ -functions” using

these linear equations. Cf. Case of the KP hierarchy

Linear equations for Ψ → “τ -functions”



What is the meaning of the work of Sasa-Ohta-Matsukidaira?
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An Idea:

Introduce SDYM-type time-evolutions to

the Sato Grassmannian

• 2 component KP hierarchy → reduction → NLS hierarchy

W
def
= E +

∞∑
n=1

wn(x)∂
−n
x (PsDO with matrix coefficients)

We impose the condition W ∂xW
−1 = E∂x

Dependence on x = (x1, x2, . . . ) :

∂W

∂xn
= BnW −WP ∂n

x, Bn =
[
WP ∂n

xW
−1
]
≥0

• Hierarchy of gauge field equations

Dependence on y = (y0, y1, y2, . . . ) :

∂W

∂yn
= CnW +

∂W

∂y0
∂n
x , Cn = −

[
∂W

∂y0
∂n
xW

−1

]
≥0

Dependence on z = (z0, z1, z2, . . . ) :

∂W

∂zn
= CnW +

∂W

∂z0
∂n
x , Cn = −

[
∂W

∂z0
∂n
xW

−1

]
≥0
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This hierarchy contains several interesting examples:

Example 1 : (2+1)-dim. NLS equation

(Bogoyavlensky (1990), Schiff (1992), Strachan (1993))

Consider the time evolutions w.r.t. x1 and y1.

∂W

∂x1
= B1W −WP ∂x, B1 = P ∂x + w1P − Pw1,

∂W

∂y1
= C1W +

∂W

∂y0
∂x, C1 = −∂w1

∂y0
.

If we define (formal) Baker-Akhiezer function as

Ψ = WΨ0,
∂Ψ0

∂x
= λΨ0,

∂Ψ0

∂y1
= λ

∂Ψ0

∂y0
,

then we have 
∂Ψ

∂x1
= (Pλ + w1P − Pw1)Ψ,

∂Ψ

∂y1
=

(
λ

∂

∂y0
− ∂w1

∂y0

)
Ψ.

⇓

w1 =

 w1 u

−u∗ w2

 , X = ix1, Y = y0, T = y1

⇓

iuT + uXY + 2u

∫ X

(|u|2)Y dX = 0
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Example 2 : (2+1)-dim. chiral field (Ward (1988))

Consider the time evolutions w.r.t. y1 and y−1.
∂Ψ

∂y1
=

(
λ

∂

∂y0
− ∂w1

∂y0

)
Ψ,

∂Ψ

∂y−1
= λ−1

(
∂

∂y0
− ∂w̃0

∂y0
w̃−1

0

)
Ψ.

⇓

A
def
=

∂w1

∂y0
, B

def
= −∂w̃0

∂y0
w̃−1

0

∂y0 → ∂x, ∂y1 → ∂t + ∂y, ∂y−1 → ∂t − ∂y

⇓
(∂t + ∂y)ψ = (λ∂x − A)ψ,

(∂t − ∂y)ψ =

(
1

λ
∂x +

B

λ

)
ψ

⇓

A = J−1(J t + J y), B = J−1Jx

⇓

∂t(J
−1J t)− ∂x(J

−1Jx)− ∂y(J
−1J y) + [J−1J y,J

−1J t] = 0,
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§. Lie algebraic aspects

Realization of ŝl2 ⇒ Soliton equations

[Date-Jimbo-Kashiwara-Miwa, 1981]

1-component KP 2-component KP

KP eq. ← ĝl∞ → DS eq.

∪

KdV eq. ← ŝl2 → NLS eq.

NLS : 2-component fermions ψ
(α)
j , ψ

(α)∗
j (j ∈ Z, α = 1, 2)

[ψ
(α)
i , ψ

(β)∗
j ]+ = δijδαβ, [ψ

(α)
i , ψ

(β)
j ]+ = [ψ

(α)∗
i , ψ

(β)∗
j ]+ = 0ŝl2,

∑
α=1,2

∑
j∈Z

ψ
(α)
j ⊗ ψ

(α)∗
j

 = 0 → “Bosonization”

→ Bilinear Identity for NLS

“Bosonization”

Hn
def
=
∑
j∈Z

ψjψ
∗
n+j ⇒ [Hm,Hn] = mδm+n,0(

Hn ∼ ∂

∂xn
, H−n ∼ nxn

)
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sltor
2 : toroidal sl2 algebra

g⊗ C[t, t−1] ⇒⇒⇒ affine Lie algebras

central extension ∩

g⊗ C[s, s−1, t, t−1] ⇒⇒⇒ 2-toroidal Lie algebras

sltor
2 = sl2 ⊗ C[s, s−1, t, t−1]⊕ ΩA/dA

A = C[s, s−1, t, t−1], ΩA = Ads⊕ Adt

Canonical projection ·
· : ΩA → ΩA/dA

∪|| ∪||

fdg �→ fdg

Relations: • [x⊗ a, y ⊗ b] = [x, y]⊗ ab + (x|y)(da)b

( x, y ∈ sl2, a, b ∈ A, (x|y) : Killing form )

• [sltor
2 ,ΩA/dA] = 0
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Representation theory of sltor
2 → Little is known so far.

There is a simple class of representations of toroidal Lie algebras:

(V, π) : a representaion of ĝ (affine Lie algebra)

Xm(z), K
s
m(z), K

t
m(z) : Operators acting on V ⊗ C[y, e±y0]

Xm(z)
def
= Xπ(z)⊗ Vm(z),

Ks
m(z)

def
= c · idV ⊗ Vm(z),

Kt
m(z)

def
= c · idV ⊗ ϕ(z)Vm(z),

ϕ(z)
def
=
∑
n∈Z

nynz
n−1,

Vm(z)
def
= exp

[
m
∑
n∈Z

ynz
n

]
.

Proposition

Xm(z), K
s
m(z), K

t
m(z) give a representation of gtor :

Xm(z) =
∑
n∈Z

(X ⊗ sntm) · z−n−1,

Ks
m(z) =

∑
n∈Z

sn−1tm ds · z−n,

Ktk
m(z) =

∑
n∈Z

sntm−1 dt · z−n−1.
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NLS-case [K.-Ikeda-Takasaki, 2001]

ψ(1)(p)ψ(2)∗(p), ψ(2)(p)ψ(1)∗(p),

: ψ(1)(p)ψ(1)∗(p) : − : ψ(2)(p)ψ(2)∗(p) :

 → realization of ŝl2

⇓ “toroidalization”

ψ(1)(p)ψ(2)∗(p)Vn(y, p), ψ(2)(p)ψ(1)∗(p)Vn(y, p),

{: ψ(1)(p)ψ(1)∗(p) : − : ψ(2)(p)ψ(2)∗(p) :}Vn(y, p),

 → sltor
2

 Vn(y, p) = exp

n
∞∑
j=0

pjyj

 
“Casimir-like” operator

Ωtor def
=
∑
m∈Z

∑
α=1,2

∮
dλ

2πiλ
ψ(α)(λ)Vm(y, λ)⊗ ψ(α)∗(λ)V−m(y′, λ)

Properties:

• [sltor
2 , Ωtor

]
= 0 • Ωtor|s1, s2〉 ⊗ |s1, s2〉 = 0

⇓

Use “Boson-Fermion correspondence” and “Billig’s Lemma”

⇓

Bilinear Identity for (2+1)-dimensional NLS hierarchy

12



Lemma [Billig, 1999]

Let P (n) =
∑

j≥0 n
jPj, where Pj are differential operators that

may not depend on z. If

∑
n∈Z

znP (n)f (z) = 0

for some function f(z), then

P (ε− z∂z)f(z)|z=1 = 0

as a polynomial in ε.

Proof.

0 =
∑
n∈Z

znP (n)g(z) =
∑
j≥0

∑
n∈Z

njzn︸︷︷︸
(z∂z)jzn

Pjg(z)

=
∑
j≥0

(z∂z)
jδ(z)Pjg(z) =

∑
j≥0

δ(j)(z)Pjg(z)

=
∑
j≥0

j∑
k=0

(−1)j−k

(
j

k

)
δ(k)(z)(Pjg)

(j−k)(z = 1)

=
∑
k,l≥0

(−1)l (k + l)!

k! l!
δ(k)(z)(Pk+lg)

(l)(z = 1)

⇒
∞∑
l=0

(k + l)!

k! l!
(Pk+lg)

(l)(z = 1) = 0

Introduce a formal parameter ε, we can rewrite as follows:

0 =
∞∑

k=0

∞∑
l=0

(−1)lεk
(k + l)!

k!l!
(Pk+lg)

(l)(z = 1)

=
∞∑

n=0

n∑
k=0

(−1)n−kεk
n!

k! (n− k)!
(Pk+lg)

(l)(z = 1)

=

∞∑
n=0

(ε− z∂z)
n(Png)(z = 1)

= (P (ε− z∂z)g)(z = 1)
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Bilinear Identity

(−1)s′2+s′′2

∮
dλ

2πiλ
λs′1−s′′1+k−1eξ(−2a(1),λ)eξ(D̃(1),λ−1) exp

[∑
α=1,2

∞∑
j=1

a
(α)
j D

(α)
j

]

× exp

[
−η(b̌, λ)Dy0

+
∞∑

j=1

bjDyj

]
τ s′′1+1,s′′2
s1,s2

· τ s′1−1,s′2
s1+l1,s2+l2

+

∮
dλ

2πiλ
λs′2−s′′2+k−1eξ(−2a(2),λ)eξ(D̃(2),λ−1) exp

[∑
α=1,2

∞∑
j=1

a
(α)
j D

(α)
j

]

× exp

[
−η(b̌, λ)Dy0

+
∞∑

j=1

bjDyj

]
τ s′′1 ,s′′2+1
s1,s2

· τ s′1,s
′
2−1

s1+l1,s2+l2
= 0

(τ
s′1,s

′
2

s1,s2 = 〈s′1, s′2|eH(x(1),x(2))g|s1, s2〉, ξ(x, λ) =

∞∑
j=1

xjλ
j, η(b̌, λ) =

∞∑
j=1

bjλ
j)

( D
(α)
j : Hirota’s bilinear operators )

Examples of Hirota-type equations:
D2

x1
τ 0,0
0,0 · τ 0,0

0,0 + 2τ 1,−1
0,0 τ−1,1

0,0 = 0,

(Dy1 +Dx1Dy0)τ
0,0
0,0 · τ 1,−1

0,0 = 0,

(Dy1 +Dx1Dy0)τ
−1,1
0,0 · τ 0,0

0,0 = 0

( Same equations as [Strachan], [Sasa-Ohta-Matsukidaira] )

⇓

u =
τ 1,−1
0,0

τ 0,0
0,0

, u∗ =
τ−1,1
0,0

τ 0,0
0,0

, X = ix1, Y = y0, T = y1

⇓

iuT + uXY + 2u

∫ X

(|u|2)Y dX = 0

( (2+1)-dimensional NLS equation )
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Equations from different sectors

Ωtor
(|s1, s2〉tor ⊗ |s1 + 1, s2 + 1〉tor

)
=
∑
m∈Z

{
(|s1 + 1, s2〉 ⊗ emy0)⊗

(
|s1, s2 + 1〉 ⊗ e−my′0

)
− (|s1, s2 + 1〉 ⊗ emy0)⊗

(
|s1 + 1, s2〉 ⊗ e−my′0

)}
⇓

Examples of Hirota-type equations:

(τ s1,s2
s2,s1

)2 + τs1+1,s2
s2+1,s1

τs1,s2+1
s2,s1+1 − τ s1+1,s2

s2,s1+1 τ
s1,s2+1
s2+1,s1

= 0,

Dy0τ
s1+1,s2−1
s2,s1

· τs1,s2
s2,s1

= Dy1τ
s1+1,s2
s2,s1+1 · τs1+1,s2

s2+1,s1
,

Dy0τ
s1−1,s2+1
s2,s1

· τs1,s2
s2,s1

= Dy1τ
s1,s2+1
s2,s1+1 · τs1,s2+1

s2+1,s1
,

Setting

J =
1

f

(
1 −g
e f 2 − eg

)
, e =

τ 0,0
1,−1

τ 0,0
0,0

, f = i
τ 0,1
1,0

τ 0,0
0,0

, g =
τ−1,1
0,0

τ 0,0
0,0

.

ȳ = y0, z = y1, z̄ = z0, y = −z1,

( {zj (j = 0, 1, . . . )} play the same role as {yj} )

⇓

∂

∂ȳ

(
J−1∂J

∂y

)
+

∂

∂z̄

(
J−1∂J

∂z

)
= 0

( Self-duality equation in Yang’s R-gauge )
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Summary

Self-dual Yang-Mills

((2+2)-dimension)
3-toroidal sltor

3

↓

(2+1)-dim. NLS

KdV

Chiral Field
2-toroidal sltor

2

↓

(1+1)-dim. soliton eqs.

NLS

KdV

Chiral Field

ŝl2 ⊂ ĝl∞
←→ Davey-Stewartson eq.

←→ KP eq.

←→ 2-dim. Toda eq.
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