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1. SEIBERG-WITTEN 25 &

X AWITCAZERIR s X O spin® HiiE

Fr— X orthogonal frame bundle of X
Pipine — X lift of F'r to a principal spin“(4) bundle
Sy — X associated + spinor bundle

L =det S, =dets the determinant line bundle

X @ RiemanngtsEgZz 1 2& o T
A(L): L _E® connection &K
[(Sy): Sy @D cross section 24
q: [(Sy) — Q?I—(X)a
(c(v)Y,¥)s, = 4o, C]W»Qi()()
¢: ANLT*X =— End(S.) clifford #8



X E® configuration space DIt
(a,9) € Cx = A(L) x I'(54)
(ZX9 % (perterbed) Seiberg-Witten J7F2£=\

Fi+iw=q(y
(S A ()

Dayp =0
F{  A® curvature Fy @ self-dual part
w X @ self-dual 2-form (perturbation)

D, Dirac operator coupled with A

Bx(s) = Cx(s)/Gx

Zy(s) = {(A, ) € Cx(s)|SW FEER A 7=}

Mx(s) = Zx(s)/Gx (Seiberg-Witten & = 7 A ZEfH])
77— UBEGy = Map(X, S1) O1EA

p(A, ) = (A—=2p""dp, o) (¢ € Gx)



BY'(s) = {(A,¢) € Cx(s) | ¥ # 0}/Gx
BY'(s) = {(A,¢) € Cx(s) | ¥ = 0}/Gx

M (s), M5 (s) 122N EHBER, TIRI7: SW R
DFRENS 725 Mx(s) DFR5r 2= .

Fact.

H3(X) maximal positive (negative) definite subspace of H*(X,R)

by = dim Hy (X)

o Mx(s)lZ= /"7 k.

e by (X) > 072 BT generic 72 (g, w) IZXF L, M4(s) =
0, 73> Mx(s) XA EAHT AT RE 72 A BRIR ST ARIR.

o dim Mx(s) = (c1(L)? — (2x+30))/4. 7272 L (x, 0)
TN TN X OF A T7—3, FH8

o Mx(s) DMIZEIIANPHY(X)@APH?(X) D homol-
ogy orientation ZIFET D ETEED.



Definition (Seiberg-Witten(SW) %8 & SW ~"E &).
Mx(s) = Zx(s)/G%
G% = {g € Gx|g = id over p}

The principal S bundle Mx(s) — Mx(s) \ZfHHET
% C-bundle £ — Mx(s)I1Zx L

SWix(s) = (e1(L)"2, [Mx(s)])
(d=dim Mx(s)), 272 Ld2NIERADEL TR E X
ZSWx(s)=0&3<

SWi(s) DRMEZRESE (d/2 BFIEFADEK D LX)
X E® d/2 {8 D generic point A = {z;} & C-linear sur-
jection ®; : S|, — C % generic |25 &
M (s) = {[A, ¥] € Mx(s)|®;(¢(2:)) = 0 (; € A)}
I e OFREDO R, 2T LT
SWi(s) = M (s) (FF 54T & M OMEE)

Definition.  (SWAZE#) L e H*(X,Z)IZxL

SWx(L)= > SWx(s)

c1(det s)=L
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Fact. e 0% (X) > 17261%, SWx(s), SWx(L)I%(g,w)
(2 X 67T X O RO AZ & ( homology ori-
entation 6 < HfF 5 AEZE DL ) .

e SWx(L)# 075 L € H¥(X,Z) (X DSWH) I
e < A TR AL

o b1 (X) =172261XSWx(s) 1L (g, w) DELY FITHAF
9% (Wall crossing formula)

LTFEOTD (X)) > 1OEEOHREZD.
Definition.
SWx = > SWx(L)e"

RN Z[H? (X, Z)| DIt & B Tatd D,

Fact. ¢ : X; — X, diffeomorphism preseving the ho-
mology orientations of X7 and Xy. Then

QO*SWXQ = SWXl



Remark. X @ spin#§its s <= (5., S_, L) 1272
SW T2 DE (A, ) IZKF L,
5= (5,,5_,L)
(St, L ® complex conjigate) (2B L T (—A, —¢) b SW
FHREXZHRTFT N6
SWx(s) = (=1) X7 1SW(3)

— L € HXX,Z) N SWHERZHIZ—L H% 5.



X525 3WITEHERNIZEY 2 DOm0

5856 D SWAZE DT
X = XUy Xy, 80X, =N, 0Xy = —N
(N = 5% 72 B IEREF T %)
X = XitXy, X;=X,UD*

X, DR VIZ X, U[0,00) x N D SW moduli space
ZZZ TR B EAXERD .

PLF eylindrical end N = [0,00) x N & $ 254 kKL%
BEIRX = X U N, (0Xo = NIZ N F product metric &
725 & 972 Riemann 5t g Z AL THE X 5.



Spin® A& O X hia

(s LT

§ N Ospin‘ ik P — Frg

<= (one-to-one)
s N Dspin“tfiE P — Fry
s: P — Fry (PlXpricipal U(2) = spin®(3)bundle

over N) (ZAFRES 2 spinor bundle Sy = P X9 C*IZ
XILN 2 {t} x N C N ~OflfE% A LT

Sy = Syl = S_|fyxn
%HFORMIL T = 2(dt) (& Clifford multilication on N).
Fact. L = det 3 - connnection AL N 0 Gauge 25

T At T D72 S DA~ S U5 (in temporal gauge).
AZ[AIfET % Dirac fEFRIZE % {t} x NIZHIRT 2 &,

D:=J(0 —Daw) (Alt) = Algyun)



Definition. ((X, s) (ZX9" % SW moduli space )
o Cx = A(L) x I'(54)
e Zx(s) ={(A,¢) € Cx | (SW)* [ |Fa|* < oo (finite energy)}
o Mx(s) = Zx(s)/Gx

Definition.
§°: H*(Xo,0X0,Z) = HX(X,Z) — H*(Xo, Z)
(ZXFL,
e HZ: the maximal positive (negative) subspace of H*( X, 90Xy, R)
o 2(X)=dimH2 o=0% -V

Fact. 12 (X) > 0DFEE, generic (g,w) %L, M(s) =
0, DO Mx(s)IFARRITOM & FHT AIREZR LAk
K (2L ar g FEFRGRW)
o My (s) DIIZIZAPH (X, 0X,, R)OAPH Xy, 0Xo, R)
?” homology orientation” TR E 5.
e dim M x(s) (& Atiyah-Patodi-Singer index theorem T
BEzxbohs.
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Definition. (cylindrical end N = 0,00) x N LD SW
=)
sy = Sliyxn, Sy = S. = S, Ly = detsy, Cy =
.A(LN) X F(SN) WXL C,
(A@) - A’{t}xN,%b(t) - W{t}xN) € Cy
(A in temporal gauge) & 35< & N _Eo SW HEAUL

Y(t) = Dap(t)
A(t) = q((t)) — *Fag) — iw

*: Hodge star on N, ¢ 1% N @ Clifford #&?® adjoint,

(0, ) sy = 2(b, q(10)) 1),

wo € AYN) L perturbation (% & @ perturbation w (2
X LT
w5 = dt A\ wy + *wy

Z DOAUXCy D Chern-Simons-Dirac functional @ gra-
dient flow {25 L V.
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1

5@L¢%:§[3A—w%)AQﬁ+1%0+Mm)

Re(D dvol
+ [ Re(wv)
v € Gy = Map(N, SY) DYEH:
E(V(A ) —E(AY) = —87?2/ (degy) A (L)

N
(degy X Gy — [N, S = HY(N,Z) TD~ D)
— & : By =Cn/Gny — R/Z
(7z7ZLciLU~y = 0 for all v € HYN,Z) 72 51X

E: By—RZ5|IEHIT) .

Definition. (37Xt ® (perturbed) SW 57 #£)

. { H(Fa + i) = a4,
Db =0

(SW)* Off <= £ @ critical point

o Zy(sn) = {(A,¥) € Cy|SW?}
e My(sy) = 2n(sn)/Gn
o (M (sn) ={(A,0) € Zn(sn)}/Gn)

12



Mx(5) BEL T My (sy) DRIFTHEE

C'=(A¢) € Zx(s) IZBIT % deformation complex

swe

0 — Q°(X,iR) 5§ QY(X,iR)xI'(S,) ™8 Q2 (X, iR)xI'(S.)

Lo o the infinitesimal Gauge action at C

swe : the liniearization of he SW equation

HY(C) = 0 <= C irreducible, H?*(C) =0 <= C is regular

W5 DGME I 725 (b2 > 072 5 generic perturba-
tion Cregular (272 %)

TeMx(s) = H(C) 2 ker Do

orientation of M x(s) <= the trivialization of A""T M x(s)

< trivialization of ind D¢
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ZZCDe = Li4swe = (d*+dT)BD 4+(the 0-th order term).
— homology orientation (APH' @ AP H? @ orien-
taion) THEE N ADL. Mx(s) D (JERH)) KitiLind D¢
ThHxbh5.

Cy = (An,¥yN) € Zn(sy) T deformation complex:

3
swco

L
0 — QUN,iR) — QLN iR)xQ(Sy) —" QLYN,iR)xT(Sy)

Lc, :  infinisesmal Gauge action

3w300 . linearzation of the SW? equation

[Cn] € My (sy) DITEEIE Kuranishi 54 % > CEo ik
SN5D.

Sc, : slice of the gauge orbit through Cy C ker L
[T:TeoCn — ker L, My s ker L) — HY(C)

Zx L, SW3(Co+C) =0, (C € Sg,) <=

(1 —HINISW(Cy+C) =0, ILIISW(Cy+C) =0



EFTTENTE 1 ROMEH 2 UTRATLZ LI
)
f U c HY Cy) — HCy) (Stab(Cp)-equivariant)
such that
neighborhood of [Cy] = f71(0)/ Stab(Cy)
—

M (sy) smooth at Cy if f =0 (regular at Cy) and Stab(Cy) =0

Definition. (sy, gy) (spin® structure and the metric on
N) 23 good” <= V(A,v) € Zy(sn) (irreducible) 23 reg-
ular 772 V(A,0) € Zx(sy) 12X L, Dirac operator Dy

7> invertible

Example 1. o NARIEOAN T —HROFHELH T
I% (7= & x i spherical space form) good (Weitzenbdck
NH) TMY (sy) = 0.

o N =T° gy7iflat FHED & &, unperturbed (wy =
0) 72 HIX SW3 OfifIE (A, 0), A flat connection ® .

—

ci(det sy) # 0= My(sy) =1



ci(det sy) =072 51X
My(sy) = My‘(sy) = H'(N,R)/H'(N,Z) = T"™)
7272 L trivial connection @ & Z A T degenerate (not
good).
o N =177 gflat c;(det sy) = 0D & XL perturbation
wy #£ 0ZEHITE D E My(sy) 1T 1 5 [Ag, Yol
(Ag: trivial connection, 1y, covariantly constant with

q(1y) = iwy) (non-degenerate) (by Taubes, B.D.
Park)

Fact. X with cylindrical end N {235V C, (sy, gn) 28
good =

Ono : Mx(s) = Mn(sn)
[A,9] € Mx(s) % N L in temporal gauge T (A(t), ¥(t))
TERT &, 1 = 00 T (A, Vo) = Ox(A, ) IZHTSK.
FRRIT Gy = {7 € G|y extends to § € Gx PITxF L

HY(N,Z)/j*HY(X,Z) -cover

Zn(sn) /G — Mn(sw)

AR 5.
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Moduli space @ gluing

X=X1Uy Xy, 0X;=-0Xy=N

X, =X1U[0,00) x 0X1, X_ = XoU|[0,00) X 0X5
Xr=X1U[-R,R]| x NUX,

gr cylinder I product (272 % Xy DFF &

wgr perturbation T cylinder I

dt A xwy + wy (wo (L N D perturbation)

(gn,wo) DX N E7good” &4 %.
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(Ap, ¥r) spin® #E1E s (2695 SW 7RO AR D]

My, (1) (84 = 8|x.) DI NT "2, R— o0 &
9% & up to gauge transformations C

(Ar, Yr)lx, = (A, ¥4),  (Ar,¥R)|x, — (A, ¢-)
([Ax, V] € Mx,(51))
Oso|As, V4] = Ono|A—, 0] = [Ao, tho] € M (sn)

WUZ[AL, Ya] € My, (sa) with Ox[Ar, 4] = Ox[A-, ]
rhHzllE, FOBEWTXL EZI6DMIZIES<
X O SW O (A, ) 738 % 7 2

Fact. % Oy = (A, ¢+ ) D deformation complex O H?(C..)
MERROFIETD.
(Ax,y) % cylinder I cup-off fuction Z 235 T To70 &
X _E® approximate SW solution Z1E5. = ZhxE
B L CEOMREGS (H*(CL) 1IXZE D 7= ® ® obstruction)
(T (Xy) > 172 6IFTE 2 72 perturbation D b & H*(CL) =
0IZT&E D)

18



%X cylinder ETo7% < & & D Gauge ZBHisy D H HE
EHTRD. UTN =T OHFICZNELD.
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N =T? D6
spin® #1& @ gluing

X — X1 UN X2 J:@ Spiﬂcit%iﬂazs

ci(det sy) # 0= My(sy) =1

— M)((S) =)
Lo TUTFRDZ & ZUE.

ci(det sy) =0

Definition.
So(X1) = {s: X1 D spin“#i& | ¢1(detSy) = 0}
So(X1,0X1) = {(s,2) | s € So(X1),
z € H*(X,,0X,,Z), j*z = ci(det 5)}

HY (X)) — HY(9X) 2 H2(X1,0X1) L H2(X)) — HX9X))

2 DT = trivialization detsy = N x C

20



(SZ',ZZ') c S()(XZ,(aXZ), (Z = 1,2) W7z L,
z] 29
det s1|y = N x C = det s9|n

(Zid - Fry — Fry % cover 3% spin‘(3)-bundle D [F]
@@Z Pl’N_>P2’N %%}%%ﬁé — (N&j\\/vj:@
spin“ g D 1 % 1 ks Z2 i L 7C)

P - S()(Xl, (9X1) X So(XQ, 8X2) — S()(X)
(81, 21), (827 Zz) — S = (81, Z1)ﬁ¢(32, 2’2)

Definition. X, @ connection A € A(det s) with ||Fal|;2 <
coldend ETA = Ag+ia (Ag : trivial connection on T )
DIE.

AP = Ag+ifa [ cut-off fuction
cA = [%FM] c h*(X,,0X,,Z) = H*(X,,Z)
(s,2) € So(X1,0X1)ITHL,
Zx.(s,2) = {(A, ) SW solution | c4 = 2}
Mx (s,2) = Zx,(s,2)/Gx,

MX+(S) — Uj*z:cl(dets)M$+(S7 Z)

21



Remark. compactness of the moduli spaces

e X with cylindrical end N = [0,00) x N L finite
energy SW moduli space X722 737 K & IER
5720,

e R x N EDO{LE ® finite energy SW solution 73 N
® SW?3 solution @ pull-back (Z[E5 78 51X = 2N
7 k. end I unperturbed (wy = 0) D35, Chern-
Siomons-Dirac functional £ 23 Cy /Gy — R~ ift L
(72 & 21T e1(detsy) 75 torsion ), € D critical point
set WHEFERGE 72X "7 b (C T° 0flIX
ZHZHi=b) . N = T3 Tend Tperturb 5%
BH My(s,2) Tz 2237 b (Taubes, B.D. Park) .

Definition. (X, with cylindrical end ™ SW R4 &)
(8, Z) € So(Xl, 8X1) 7z L

Qg](+ ={v € QX+|g = id over x }
/\/lg(+(s,z) - ZX+(S>Z)/Q9(+

22



MY (5,2) — My, (s, 2) \ZfHHET % line bundle £ 12
it L

l\'JIQ.

SWx, (s,2) = (a1(£)?, [Mx (s, 2)])

(72720 d = dim Mx (s, 2) Td/2 BFHFADEE TR
X SWx, (s,2) =0, <)
v e HAX.,Z) = H2(X,,0X,, Z) \okt L,

SWx, (2) = Z SW (s, z)

(S,Z)ES() (Xl ,8X1)

SWx, = SWx, (2)e” € Z[H*(X1,0X,,2Z),

(7272 L perturbationw 738 2 mIZPH L T z-[w] < mVz
DL EZITHRF (Taubes) )

Fact. b3(X,) > 172 5 SWy, IFmetric {2 X 57 homol-
ogy orientation Z &2 diffeomorphism ¢ : X, — X IZ
XL, SWx, (¢s, 0" 2) = SWxi (s, 2).

X = Xj Uy Xy, (NZT) B/\SES()(X)<:>
ci(detey) = 072 B 2 72 pertubation T My (sy) I
(non-denerate 7)) 14 =

23



SWx(s) = > SWx, (s1,21)SWx_(s2, 2)
((s1.,21),(s2,22))€P~1(s)
fiz bt o T

Theorem (Taubes, Park). 'X = X; Ups Xo, b (X1) >

1, Bf(Xs) > 1 Thow € HY(X,R) Tuw|ps # 0 €
H(T3, R) 72 % 528 i

SWx = 1(SWx, )j2(SWx ) € ZH*(X, Z)
Gl gt - HA( Xy, 0X0, Z) — H(X,Z) hHil & = &
5. wy=wl|ms % end D perturbation | ZFIHT %) .

BRBX =X UpT?x D>0D L X138 0 BAREY72 A8
YLD T THRLNATWD (1RiR)

19\7: Taubes (2 & 5. Park OERALITRT 0N R 72 2 BNAREHIZIZIR
24



2. FsMehm & & 2 BIRET 54
Definition. (¥5M #hif)
Riemann i B ~~¢ holomorphic 72 544
X — B
T 7 7 A 3— (r OFANEOHG) 23k5M kR (52
2t h—F ) LR bHbOEFFoMFEm. LT E

D7 7 A= (1) #ifR L E R, FExEY) /72
BHDHRERD.

(1) BRT 7 A A= (r OBREONE) B KOS
(1T

(2) EHRMIEE BT 5 L (S RRES 5 2 F10)
BT 7 A N3 D 2 DB T X 5 (Kas

Moishezon)

25



(a) 7 7 A »x—(fishtail). [} OIEREE N (1) 1%
T?x D*1Z 18 2 7~ RV (with framing -1) 23
H\(T%,Z) D%t (T*iE—#%~7 74 /3—) ©
1 2% 25T L HIZED DN Teb D (FD core
I% vanishing cycle) . ¥ 7 : N(I;) — D*iZk

WTODX DY DRFE /) Ku < —i ; 1

F 7213 D conjugate.
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(b) ZE b—F A (BEHEEp) ply. —R7 7 A /N
D LEIZpEIZEE DL,
(3) ZHE b—7 Az HihmiI TN b6 258 £
BHIHRE 26 "B 45 Z L TRbND O
)

Definition. cusp 7 7 A 73— 1I1. 2 &JcEkmm k1 &8>
cusp FF RS2 O b 0. ZOIEHEEE N(IT) 1348535
WBEOLICLY 2 2O LR ESIINKRT D —
N(II)IET? x D> 127 U Hy (T2, Z) DRI & o 5
T L9122 2D 2~/ K/ (vanishing cycle) & DF 72
HoD,

27



Fact. Fi 7 7 A N—%2 b ONLHEH =T A FHER
VR H il X3 R 2 22 2 ISR D K D IZETE
5.

(1) B = S? %4 (Kas-Moishezon) & % k1Zxf L,
12KA8 D [T 7 A N—%GTe. BOFKERED (—
W) 77 A A== T2z L H(T2, Z) DR TT
o1, 00 B EDD EFNENDRE T 7 A /3—D van-
ishing cycleld oy, 09,01, ... EXHIZ/2 B 5 R

11 1 0
T AHRBATE/ Fa 2 —% ,( ),m)

0 1 —11
2) B =%, (f%¥g) OHE (Y. Matsumoto) B =
B'UD? (D?1%2-disk) &30 7-&%, X =T2x

B Ur YD) 2 orn (D) EdH b kizox EETF
FRIC 12k o> [ 7 7 4 R—ZEr e,

28



Definition. (7 7 A /X—Fn)
E\, By 2-5>0OFfM dhm

(FWEXT* %7 7 A N— T D7 7 A X—2E[H])
fi, fo  Ei, EsDO—{7 7 A /3—

Erir2 By = (EV\N(f1))U(E2\N(f2)) Er & Ex D7 7 A 73—

(N(f;) = T? x D*IZ f; ® tubular neighborhood)

Definition. E(k) : ZEH 7 7 A X—D 72\ S? LOFEH
i TH X 2 E1REEO LT 7 A R—%ETe D,

X(E(k)) =12k, o(E(k)) = —8k

m(E(k)) =1
E(k)iXo - 0= —k72% cross section o Z & e

29



Fact. 5i2 7 7 A RN—ZEONLE T 7 4 N—IFT-
72Uy (hiR/N) 5 P B O f oy RIFHER T

E(k) (k>1) base’ S? D4 (Kas-Moishzon)
T? x S 2 E(k) base 23 Y, DA (Y. Matsumoto)

IZfR5. 22T

E(k) = E(1)irf. .. 42 E(1)
E(l) = CP%@@Q, E(2) = K3 surface

Definition. ZE 7 7 A4 N— & F oM dhmixz i o
BRIZINHONS TEE# THELND.

E: (ZE77A =72 LD) MM

fiED—RT 7 A ~"—

Ey=FE\ N(f)IZ7z\L, orientation-reversing diffeo-

morphism

0:0(T? x D) 2 T3 — T° =~ 9(E)

30



Ll oT
E,=EyU,T* x D’

a, b, ¢ generators of Hy of 0E, = T°

b, ¢ generate Hy(f,Z)

Fact. e ¢ ®DisotopyZEiL e, : H(T3,Z) — H\(T3,Z)

TIRED.

o £, DSy RIAREAIT

©.([* x OD?)) =~ =pa+ qb+rc € H|(OFE,, Z)
ZHEETDEEMIEELED. (-oTE,=E, &
). (@ T3 — T3 T?x D? D self-diffeomorphism
\ZHERE <= @,[* x OD?| = £[x x 0D?))

e B IZBWTT?x {0} CT*x D*IXEEEp DL E
T7AN=. (p=0D & ETENTT 714 —HhidE
BRI 700

31



Fact. ffIC E = E(k) 25\ E L 0 —IZ cusp fiber 11
% (smooth embedding & L C) @ie & &, E, (y=pa+
qb+rc) DI FEAREEIXp DA TR E 5 (EMEEE p Dxf
KA

(N (11) @ self-diffeomorphism O#IZ2Z X % (Moisehzon,

ZHET 7 A N—LUSNOKR T 7 A R—%FF> (/)
SHEIHIZZE 7 7 A N—D2WHLDE (EiE) I2FH
FRIE DR 2 L= H D

Ly

Theorem. (F5H #4358 DM ZE R 723547 )
(Fx/)N)  #g H eh i O 0 [RIAR BRI AR 25 A TR A
BETRUITNETA T EEAFETEE S (Y. Mat-

sumoto, U)

mE NARKERE <= E=E(k),, (k>1,p,q>1)

2



(E(k)p1 = E,, E(k)11 = E(k))
e xE

mE(k)pq =2/ ged(p, ¢)Z

(ENZEN—F AT E2RRT 7 A4 N—IZF >
EDELTE D)

Theorem. (#5H i D455 —FEPIZERIE 4T )

E<k)p,q = E(k/)p’,q’ < k=1F and {p,q} = {p/a q/}

772 L B(1), & E(1) & CP%49CP" O Hfish.

Remark. o x(E(k),,) = 12k, 0(E(k),, = —8k, b3 (E(k),,) =

ok — 1, by (E(k),,) = 10k — 1
e The universal covering of E(k), 4 is E(sk),/s q/s, Where

s = ged(p, q)
e F(k),, ? homeomorphism type ®53%8 (Freedman,
Hambleton-Kreck)

Donaldson A2 &AZ K SFEH (... .R. Friedman) = Seiberg-
Witten 1 (RER) (X2 K0 25048
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Theorem. (FEHHHED SW R~ &}
E =E(k) (or E(k)py) D—HT7 7 A /3— f, HEEp,
qDEZET 7 A= f,, f AL

v = PD[f], x,=PD|[f,], z,=PD|f]€ H*E,Z)

LB L (x=px,=qx,)

SWE(I{:) _ (e—x . ex)k—Z

et — e et — e

SWe = SWem -

e tr —efr e e — eq

R&hm & LT o divisor IZ & 5 SW OfFEDFLIR 6
RS2

MoJiiEE LT

SWgp) =1+
E(2) ®SW ¥H1%0 € H*(E(2),Z) D, SW AL

NHHFELTTICZE DM A hEAXEM .

2: ZTORK DI 7% canonical class K (2% L, —K ® SW RZE&EN +1 & 725 moduli space D& (T
Lo TWD. CRIZ L - TIE kD convention ZEH LT\ 5
34



Z D FEITETE O ERE (Taubes,...) & & ORI GE
Th DH7surgery AR I8 &S5 (BHBEMEZ R 700
oD 4 RITCEARIEDLEIZbEMATE 5.)

Theorem. (Morgan-Mrowka-Szabo) (1 13 end T per-
turb L72V > SW moduli space Z FIVNTREB L 72)

X =X,U, T? x D?

0:T?x 0D* 2 T° — T° =~ 9X,

o([* x aDQ]) = v = pa + gb + rc, where
a, b, ¢ generate H,(T?, Z)

(b, ¢ generate Hy of the general fiber)

SBITb(Xg) > 1, v=0in H(X,Z) T 5=
1

et — ety

SWx = j(SWyx,) -
v X T* x {0} CT? x D* (EEEpD” ZEHT 7 A
/X—"") D Poincare M*}.

Remark. FFELOARITEBWNTH = 1 DHE H metric
& perturbationz 1 DL > TEL EEZNLITIKGFET HF
TR 720 72D
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E(1) = CPHICP IZIED A D T — LD E % o
—> E(1) D Z OFEIZEST % generic 72 SW OfEIL72 0.
Remark. X with 0X = T3 2% L,

]*SWX - SWXUTgE(l)O

=72 L E()y = E(1) \ N(f). j : H¥X,0X,Z) —
H*(X Ups E(1)y, Z).

Remark. j : H*(E(n)y,0E(n)y,Z) — H*(E(n),Z)®
kernel DIT 2172 L THE SWig (), (2) = 0 (E(n)o D self-
diffeomorphism T z & 72 23T 70 4 HERR{E O Sl Bd
B2 EMMND SWHOARRM: 24 - T3, cusp fiber &
BATOD LD KD 4 RTEEHRIRIZ OV T H AR
—

ISWEm), = SWrmyu,r2xp2 13 injective.

DDA

SWgio =1, E(n)=En—1)isE(1)
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SWew)y = 1SWem-1y, SWem-1) ==j5W¢3xn_1m'€_$
— SWE(N) = (6_“" — ex)n_Q

]SWE = SWE ( —ex), /SWE = SWE ( —xp_eg;p)
&Y

—X

et —et

SWew), = SWew) -

e ' — e'r

Remark. Park DFa3C TIL E(n) D SW AE RO )
WAL Y SR ZE > T E(n)y OFEX SW AZE

B SWin), ZBNTWD (SWe,) BEERITH 57203

RZDTatvZHLHD 5 5)
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Example 2. E(m+n) D7 7 A /X\—FI~D 53 E(m)is E(n) =
E(m)yU E(n)o 238 THER

OE(m)y = 0E(n)y 2 T° = S' x St x S!
(pt x St x StRENZFNDO—KT 7 A X—1ZxInT
HETDH) TORLY &% 350 S ks OXK[alE
o :T° = T3k oTRLE-T2bD%
E(m)i,E(n) = E(m)y U, E(n)g
B E, mn> 1561350 EhEA LY
SWE(m)jj(pE(n) _ (e—xl . exl)m—l(e—xg - exg)n—l

(72720 2y, 2o IZZNERE(m)y, E(n)y NO—X7 7
A 73— Poincare M%)

@ DY Frb xy & aolX H*H(E(m)i,E(n)) N T—IK
HRST.

— E(m)i,E(n)ix EOfEHhE & & SW R RR D i
SR TR, Lol E(WZ; + n) & I1L[AFE (Freedman)



— E(m)i,E(n) I3EFEEZ 7272\ (Enriques-Kodaira
DRIZED) . LTV I T 0y 7 HEIIAD
(Gompt DL T VI T 4> 7 T 7 A S—FIOMERL)

Remark. T° OfLE O Self-diffeop 1% (1) @ self-diffeo
(ZIERET 5. Lo THERD plZlc WL E(1)i,E(n)lX E(n+
1) R, 7272 LE(D)gDO— &7 7 A /N—IZBW T
SBEMMTEZET 7 A N—2 0D EZDRY Tl
W T R ERRD el L, E(1)t,E(1),1Ep, ¢ odd

> 1726 K3hif E(2) & [RMZA SWITE2 D, #HHE
s 272720, Gompf-Mrowka 23 & )2 W72 L 7=
BsAdhm & RSP EBERIE L S 72720 4 IRTTBARIR
DOFIR ZITHT= D (1 5 I1E Donaldson 28 & TH|5l]
L7o) .
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Example 3. (Fintushel-Stern)

X cusp fiber & & Te 4 IRTLZERIK
K c S knot
K K @ 0-surgery Tz HALD 3IRITLEERIK

(: K O (preferred) longitude, m: K @ meridian
T=mxS"c K, x5!

F X H® cusp heighborhood IZ5< 5 —K 7 7 A /13—

XK:XﬁF:TKQ X Sl X & Ky x 51@774}/\\_‘%]

Theorem (FS). b1(X) > 1, m(X \ F) =176



SWy, = SWx - AK(eQ(PD[TD)

(Ak(t): The symmetrilized Alezander polynomial of K)

Remark. (1) 72& XXX =FEQ2) 75 & Xgldd
TE(2) LEMH. A BDEWIZEZ U AR T
<, —MRICEFME G FFZ 2. (K3 i & (A
e ER e mix £(2),, p, ¢ odd, ged(p,q) = 11Z
R2) .

(2) K 2 fibered knot @ & & (Ko x S IET? EO sur-
face bundle) EQ)xlIv > 7 V7T 4w /&%
> (Symplectic fiber sum by Gompf)

(3) Ak (t) DEEIRDAREN 1 TRV E ZIXEQ2)k X
VT VI T 4y ZHEE R T2 (by Taubes)

(4) Ag(t) =1 K nontrivial ® & & E(2) & E(2) 1LSW
TIEHHTE 720,
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FEEFNZBE 5 A5

Fact. (1) XY, b5(X) > 1,05 (Y) > 1 <= SWxy(s) =
0 for Vs.

(2) (blow-up formula) E = PD(CP ¢ CP") € H*(CP", Z)
‘smgﬁéﬁzzzswvx-(eE-re—E)

X#W, W rational homology 4-sphere D35, H*(W, Z)

D3 torsion & 0D CTHRRZFHHIZT H 72D SW DIEF
/Y ULETE.

Definition. z € H*(X,R) (X closed) {Z%} L,

SWy(z) = > SWx(s)

s:c1(det s)=2€H2(X,R)
SWx =Y SWx(z)e* € ZH*(X,R)

Fact. W rational homology 4-sphere <—>

SWaw = |H\(W, Z)|SWy

1ODaHE LT
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Theorem. (U)
TEOHHTRWARBEGIZH L, 4RILEERIE X
TrRIRERBEORBGIERAZ L, i b DB ZEH
INTRTEFZED ED 2 56 AUV EIF TRV G
DIPFET S

WERK © =% F v 7 72 4 IRTEEARIK X, T unbranched
G covering X W UZHERIFRIC 72 % b D 2 RERL T 2.
(1) 72 & 21X EQ2),1Zp odd 22 BIX E(2) L [FFH. —JF
Fact.
E(2),45% x S* = E(2)§S* x S*
if pis odd .
Remark. —#% |2 EOERE 4 IRTCEEEIR X L Y 3 A]
O (RIREE) 7251355 k2 oW T XHkS? x 5% =

YViHkS? x S? (Wall). X, Y 23 HsFEAE M i 7 513
k =1ThY 32> (Mandelbaum-Moishezon)

(2) fEBED GIZKF L, # 5 rational homology 3-sphere Y
TGEPHBIMEHAT 20003 H 5 FrIZY = Y/G
# rational homology 3-sphere) (Cooper-Long)
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B)YDAE
s(Y)= (Y \ D% x StuS? x D?

[Lrational homology 4-sphere Tmy(s(Y)) = m(Y) —
Gl d 5 G covering 1&

—_

s(Y) 2 s(Y)4(|G| — 1)8% x S?

X, =E2),8s(Y)

EBLEmX,) = msY) - GIZKsT 252G

covering [ &

X, = s(Y)H|GIE(2),4(1G] — 1)S* x 57

X, = s(Y)|G|E@2)4(G| — 1)S* x §°

if p is odd.
(6)

SWx, = |H\(Y, Z)|SWx, # |H\(Y, Z)|SWx, = SWr,

if p # q.
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Remark. X{W . W rational homology 4-sphere D354
Donaldson NZEEIZEBW T FEIFRDAL Y & HEAXD
% Y 32>, Dy (Donaldson power series) (2B L T

Dxyw = |H(W,Z)|Dx
F#lZ Dx # Dy 72 b Dxyw # Dy

ZNHDOFEITIX

SWx, # SWx, (p # q)
SWs = SWi =0SW BITFE LW
p q

Theorem. (Fintushel-Stern)
B 2ODAWRITLEEIRX, Y TROMWEEHL oL D
N5,
() X LY REAMHTHX)=m(Y) =2, (p H5 odd
number)
(2) SWx = SWy
(3) X &Y @ universal covering X £ Y IZE LT SWs #
SWo, K2 X & YT RIFE T2,
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Remark. rattinal homology 3-sphere M (2% L
sM = (M \ D?) x S' Uy S% x D?
sM' = (M \ D*) x S'U, S* x D?
(p1F 5% x D? O self-diffeo (ZHEFE L 720 §% x ST o diffeo)
B EsMEsM OFRE ME—REITELS,
SWaarsx = SWax = |Hi(M, Z)|SWx

(Donaldson ~" A& H R L) .
—J5

Proposition. M : aspherical rational homology 3-sphere,
X : spin 1-connected 4-manifold

—

sMEX & sM'8X 1ZR-E b E—[E T2V (r-equivariant

intersection form mo X wy — L|my| IR D)
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