


Geometry of lines on

certain Moishezon threefolds

(work in progress)
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M : oriented 4-manifold

Z: complex threefold

Z [0 M twistor space <—-

do : Z — Z; free anti-hol. invol.

Ar : Z — M; CP'-b’dle map (C*)
s.t. 700000000000 Z0O00O0O
000000 N~o01)®?0000

7r: twistor fibration
O UOOOOO: twistor line

o: real str.



[Penrose] O |
Z — M: twistor space of M

7 (can.)

MOODOOODOODOO [g)],
W_(g) =0

A2=ATPA": 2-form OO

U
W=W,_+W_: Weyl 10O0OD0U




Thm (Freedman, Donaldson)
M: OO0O0O0O0OO0O0O0O 4-mfd,

dg: OO0 U000 oodognmn

U
M ~ nCP? (homeo.)

en=0,1,2=00000000000
(Poon 1986)

eVn>1,nCP200000000OOO
00000000 (LeBrun ’92, Joyce '95)
U(l), U(1)?0000000000000

e I n=30000O0OOONO




Thm (Honda, 2001-2002)

(i) 3CP? O twistor space0 D00 C*000000
LeBrunD OO O0DOOO0O0O0OO

(i) 000000000000 000000000
000BOODOODOOODOOOODOOOO:

(?!293 + Q(ym ?J1))2 —
Yoy1(yo + y1)(aye — byy) = 0.

J00QOO00000000a,b>00000
QM 1)2 =AM+ 1)(ax—b) >0,VAER

0000000D0000000000ADOOOOCO
0000 (00000oog)d

(ili) 0 0 0O O BO elliptic ruled surface0 0 00O
000000000 00oooooog

(v) 000000100000000000 200
E-0000000000




(7)
Rmk. C* ~ CP3, o0 : CP2 — CP3 0O
0000000000 Oooooooooo

Rmk. 00000000000 00OCO
(-=1/2)Kz|000000C0

Rmk. C*-action0 00O OOOOOOO
0 00 OPoon, Kreussler-Kurke (1992) [
Jdoobotdddobotottdodtdod
Joodddooodgboddoonod
oo K3ooooon



Cor. 3 self-dual metric on 3CP? s.t.
()ooDooooo,

(ii) Isomg = U (1),

(i) LeBrunO O DO ODODOODODO.
0000oooOooou@)oooood
oooooooo.

Outline of a proof of Thm:
[OO0D0O000]

e Donaldson-Friedman [ gluing constr.
0000 (Honda, 1999)0 0 00O.

e LeBrun twistor space I equivariant de-

formation 1 0 00 OO



[D0D0D0000000]
troped 0000 (+ HitchinO OO ODO):




(10)

Problem. D0 UO0O0OO0OOOOOOOO
JodoBBUOOd0O0ooBOOUOOOO
J0003CcP2000000000000
Jood

Z — Zp

CP3 > B

e twistor line UL OO OOUUU
D00 Z0000000000doddd
Joooooooogdoad



(11)
e twistor linell U U OOOOOOON
[]
e 3CP?0000ILO0DDOOOOODDOODO
Jooobobobobond

Prop. Z [ generic [ twistor line L[]
0 ®&(L) O (reald) conicO OO OOOO,
0000000 (reald) DOODOODOO
Ooo0oooode(L) ooooo0o B O
Jooodgo

Rmk. 0000000000 ®(L)O line
J000000000000000000
0000



(12)

Jodoodod conic OO OO

touching conic

Juoodooodotdooodunodd
00000 B (00O plane section B N
H)OOOO real O touching conic 00 00

Jooobobobobbooodddt




(13)

Prop. () JOO0O0ooOOoOoooOod
28000 000000O(@G) OO0ODO
JoOoddodd touching conics LU
Joe30dl100family D DO OO OO
Jo00000pair00O00do0dnon




(14)

Prop. (i) BOOOOOOODODOOOOO
JU0O0o00HUOgenericl realld U U OO
000 HUOO 630 0 touching conic [
O0000Oreald OO (twistor lined O 0O O
O0000)yDooooooood

(i) CO HOUO real touching conic
Jooooe-Y(c)ooooOooOoOoon
OO0 cCcCOooooZooooooonn

JO0O00OHNBOOOOODODODHUOOOO
H 1] touching conic U 1 0000




H e (lo)°0000 HNBOOO
(0000 HO C*0O0)

BN Hy =Cp+ Cs
e C1,Co real & f(A) >0
e C1=Cy & f(A)=00r A =00
fi=FA) =A(A+1)(aX - b)
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Lem. U0O0O0OO0O0OOO0OOOOOOO
[J 0 0O touching conic OO OO0
Jodoooodoooooodoon
Jooddoooooooooooooon
OO0 twistor line U OO0 OO0OOOO
Joooooodd
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Lem. U0 0O O touching conicll U U [
00000 (e000)000DOODOODOO
OO0spitl 0000000 Z0O 0O U normal
bundleO U OOOOOOOOO0OOOn

Joooboboobobobodd

Cor. dL C Z s.t.
()L DO real DODDODOOODO,
(i) N ~ 0(1)92,
(iii) L O twistor line O 0O [J.

Rmk. 000 LOOOOOO locall O U [
Joobogdbobootgdn.



(18)

Description of candidates for twistor lines



Zol small resolution] [J [ [

Z — 7y

CP> > B

BOOOO Py, P, PooD
Py:000000
Py,Ps: E-0000000000O

U

Jo00dioZoUOUOUOOO pod compound
A0 00 Pocys P 00O



(20)
ZoU small resolution] 0O [ [ :
po: 20 [
Poos Poo: 41=2411 [
Joooooooodo

Thm. pooU 240 O O small resolution[]
JdZ0ddoodooooooonog 2
Jodoooodooooooooonod
[1 resolution ] [ pg [ small resolution []

Joooobobobbood

oo oobd
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Joooodddoboboodtodnb ot



