A generalization of

the Donaldson invariant
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Introduction

X:closed, oriented 4-manifold

g:Riemannian metric on X

FE — X:SU(2)-vector bundle on X,
cx(E) =k e H¥(X,Z) 2 7.

M. (g):moduli space of instantons on E
M;.:(noncomapct,) orientable, smooth man-

ifold (E47eE&HDb L)



o dimM; =2d, (k> 1,d > 2k) LIE

[Zl]a"' 7[Zd] S HQ(Xaz) —

p([Z1D), -, u([Z4]) € H2(My, Z) (I

Ye([Z1], -, [Zg]) =

M([Zl]) U---upu([xy]) € Z
k(g)

(M AZITER I E 20TV D)

d
o V. Ho(X,Z)® -+ ® Ho(X,Z) — Z
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e dmM,=2d+r (r=1,2,3)
V C Mj:compact submanifold, dimV =r
p([Z1DU---up((Z4)) € H2(My, Z)
0) u7j_\97\/7:7 I/XX?“J‘”

o A E D8t D ZE[H]
A* i ={A e AJA : BEKI }
G:E D7 —TRE
LV — B* ;= A*/G:inclusion

o (UM TOL L) VITHEEN R AL U 1EE
[V, € P"™(B): gz L7y
spzn S{)d(X) N QSp’L’I’L(B*)
{merX@TQE
ﬁd(X) DEFRIIE T



plan of this talk
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TRy Ol 3
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AARZ B

o x =x4:0%(gp) — Q% (9E)
Hodge x-operator, *2 =1

Q% (ap) = QF (ap) © x(op)

QF (gp)+ PEAEL, Qx(gp):* DEAE -

o Ac A= Ag:.E D
Fy € Q%(gp): A0k
FAI_.FA@Q_I_(QE)“\@%—TEQ
Fi =0 (ASD HER)

o {LVAAL NVDFEY 2T A 28]
My = My(g9) = {A € A|[FT =0}/¢



TV 2T A ZEZRIZONT

HE(X): X ko @ 3R 2 Tl 22
bH(X) := dim Hy (X)

Proposition 1. (smoothness)
bt(X)>1, k> 1, g:“generic’ =
M;.:smooth manifold

T My =

ker(d% + df : QY (gp) — Qap) ® QT (gp))
dim = 8k — 3(1 — b1(X) + b7 (X))
Theorem 2. (compactification)

o {Anta C My AEE D HF =

WY IZE AN Z & D &

HDHxq, e X (0<I< k)D& > T,
[Aa] — ([Aco); @1, -+, 2) € My X s'(X)
CY-CY,

o My M DM U(M, 1xX)U---U(Mpx sk(X))
R STpRAY7 kD)
— Mkﬁ::"//\o7 I



M, D & A3 "TAE

[ Ind{DA}[A]EB* & KO(B*)
index bundle of operators Dy = d¥% + djx_
parameterized by B*

° Ind{DA}[A]EB*|Mk = T M, in KO(Mk)

Lemma 3. (Donaldson)
o wi(INd{Da}a1ep) =0 € H'(B*,Z3)
FRIZ My, 10 & 4541 AT RE

o OHIUX) BHY (X)DIE = M IIiEPEES
HL(X) X LoFafn 1 B2,
HE (X)X ko B SRR 2 o 22/



My, DA 5
Proposition 4. (spin str on M;)
(a) X:closed, spin 4-mfd,
H{(X,Z):torsion free
= wa(Ind{Da}gep) = 0 € H2(B}, Z)
B IC My 13 A B G 2 o,

(b)k:odd
o X DAY MR, OHI(X) @ H (X) Dl
= Mk Z A EO:/*%;'HE:



Outline of proof of (a)

e 9 € X fix, Go = {g € G|g(z0) = 1}
B = A/Gp, B* = A*/Gq

0 B* — B*:projection

B* 1 H2(B*,7) — H2(B*,7) X154

o £(]) :=E®C'~2 - X: SU(I)-vector bundle
B(l) := AE(Z)/gE(l) mEEEL R

I>00ntZ, HH(X,Z) = H{(B(),7Z)

Krlz, Hq(X,Z):torsion free

= H2(B(l),Z):torsion free (L@IREEFE)



NI, ROFRILGEEZEZD.

Lemma 5. X:closed 4-manifold
H{(X,Z):torsion free

dJ :almost complex str on X

c1(X,J) =0 € H2(X,Z)

= wa(Ind{Da}s)epr) = 0 € H2(B*, Z2)

outline of proof of lemma

e X :almost compolelx = 0.0 05
Dy =+, : Qy (8F) — Q% (65 o2y (%)
(O D operator DZEEFRVNT)

e mMmod 2 T,

wQ(Ind{DA}[A]EB*) = cl(Ind{(‘?jjl —|— 5A}[A]EB*)
Lo T

Cl(Ind{aA+aA}[A]€B*) =0e€ HQ(B* Z) ZonEid
=3

o 3*: H*(B*,Z) — HQ(B* Z) injective

B* = By — B() = Bpagia - [Al — [A® ©)_y)
c1(Ind{d% + 8A}[A]€B(l)) =0 ¢ H2(B(),7)
g I IR
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e E() = Apay x EW)/Gp@yo — BA) x X
DR EHE &

ch(Ind{0% + da}{ yc50)) = )
ch(g%(l))Todd(X, J)/[X] € H*(B(1), Q)
= c1(nd{0% + Oat qycpay) =
5P1(85,))c1 (X, )/ [X] € HA(B(D), Q)

o c1(X,J) =0€ HX(X,Z) (IE) =
c1(INd{} + 9} yc5¢)) = 0 € HA(BD), Q)

o H1(X,7Z):torsion free (IRE) =
H2(B(1),Z):torsion free =
Cl(Ind{gz -+ éA}[A]Eg(l)) =0e€ HQ(B(Z),Z).
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FOMDOEEE c1(X,J) = 0DFEITIFE S HE 5B,
ZDTOITIEL, RBMBETH D

Lemma 6. X:.closed, spin 4-mfd =

AW :closed, simply connected, spin 4-mfd s.t
dJ:almost complex str on X#W

i (X#W,J) =0¢c HA(X#W,Z)

AIERH TS
BRI W ZIRO L HIT &5,

X:spin = 2x(X)4+37(X) =0 mod 4

e 2v(X)+371(X)<0mLx
2x(X) + 37(X) = —4m (m € Z>q)
W = #mMG2 « §2

e 2x(X)+37r(X) >0 L=
2x(X) +37(X) =4m (m € Z~q)
W = #"K3
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— D E
o 1o € X:fix, Be(zg):xg D/NI WV UTfE
¢ Elp (ng) = Be(xg) x C*:fix

o B/ = {[A] < B*|A|Be(xo) = @Be(a;o)w'r't ¢}
B* & B*J ik b B[R
(X — X/Be(zg) & X LABHEOBXRLAEE2 L)

e W:closed, spin, simply connected 4-mfd,
dJ:almost complex str on X#W,

i (X#W,J) =0¢e HA(X#W,Z)

Ey = W xC?, @y :product connection on Eyy

o EftagEywy — X#W: Elp (5,) P BHLSZHN
TEy RV ADES.

[A] € BN TR LT, [A#Ow] 2 o2 HWTIEY bb
SV

o EDIHDOFIAXEHNT, c1(X,J) = 0DHAEIZ
JmA& ST

wo(INd{D 4} {a1ep) = 0 € H2(B*, Zy)

55
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K’%@Ev}sz"’@ﬁ%
p-map
e [>] € Hy(X,Z), X C X:embedded surface
o By E|s OBENZRHE DT — Y [REFAD ZEH]

) AZE’Z @%ff‘%

00,5 01,,.5
Pa: 27 (Kg @ Ely) — Q57 (Kf ® Ely)
O-operator

o L‘,/ — detInd{@A}[A]EB* — BZ
complex line bundle

o rs B = B — BE: BEROHIREE
(ERECIZE OB WEE (D) 2 £ 2 5 0ERDB)
‘CZ e TZLI — B* = B},E

p([X]) == 1 (Ly) € HA(B*,Z)

o siiLi DY

Sy .= ’I“Z 'CZ @J@J[—ﬁ
Vs 1= 351(0) C B* = B

14



(X)) U Up(Zy) D ST o VIR V

o dmM, =2d+r
(1], -+, [24] € Ha (X, Z)
2 ; C X:embedded surface

o b1 (X) > 1, sy :generic =
V:MkﬂVZlﬂ---ﬂVZd
dimV = r DZEEE

o M
(a)X; N X, 528K (¢ # 5)
(b)>X,; N Zj N2, = 0 (1,7, kﬁfié)

Lemma 7. dmM;, =2d+r (r=1,2,3)
d> 2k, &M (a),(b)Db &
V:MkﬂVZlﬂ---ﬂVZd =SS/

15



Lemma 7 OiEA

o {[An]}a CV:MkﬂVZlﬂ---ﬂVZd
EED BF
[Aa] = [Acoi @1, , @] € My_; x s4(X)
|=0ThAZ EERLIZV,
O<I<kEIRETS,

— DWW L Tz, 1 € X
= [Acc] € Mp_; N VZz’

— (b)) &LV,
#{ilz, e, Qv=1,---,)}<2l

x 20 F LHHE (BHIIHBEFEANEZTC)
[Asc] € Mp_; N Vs, eV, o
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o — 7
dim Mk_lﬂVZl N---NVi_o;
= dim M, — 8l — 2(d — 2I)
=2d+r—-8l—-2d+4l=r—-4l<0 (r<4)
= MNVy N---NMy, =10
x &

o | = kDAL, HICEmRMBPVE, REDI > 2k
ONH . I TITE
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Proposition 8. X :.closed,spin 4-mfd
bt (X) > 1, H{(X,Z):torsion free

o X DAY UM, OHI(X) @ H (X) D
k>1lodd, dmM,=2d+r, r=1,2,3
(1], -+, [l € Ho(X, Z)

[>] € Ho(X,Z)

2[X] = [Xq1] + -+ [X4] € Ho(X,Z)

¢ L= Ly @R Ly,
VZMkﬂVZlﬂ---ﬂVZd

O, o, =

VOAE Moy = oy (0,0, D) BEE D,

Proof. O,0 = M DAY tgiE

=Ly @& DLy, DAVUIRE

N — ViV C M DIER

d(ssz, @ @syg) NELy, & DLy |n,
= NIZAE U HEE

TV &N = TMly

= VICAY 1S
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Theorem 9. LOREIZLT(X) > 1220z 5,

L.V — B* :inc/qsion

[V,ov,t] € QP"(B*) kig,slzi DLV FITEAF L7
A

L7205 ~> T,

| Zl _|__|_ Zd = 2(2_
{([21],“' , [224]s @) ¢;£§2%£21®---®£zd }
Ll SR

Yo (0, 0) 1 H3(X) — QP™(B)
X, ARTEHAER X ORE &
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outline of proof

g g+ XDV —~ VETE

g (—1<t<1): XDV —< FEDHE
g9+1 = g+

M = U_1<1<1Mp(g(2))

(bT(X) > 1 X Y smooth)

osz SZ_I_ £’_—>B* DY) By
Zt(1<t<D Ly @@ﬁ@%
822,11 — Sz; +

Syt = TZ SZZ,t

Vs = U—1§t§1822.17t(0)
V:MkﬂVZlﬂ---ﬂVZd

o VERFEIZVIZHBAY UV HEENEE 5,

o V7§§:z‘//\°ﬁ ]\fcﬁgkf\ 8V:V_HV+ T“V_c‘:V_|_
MAEEBEE R D,

o dmMV =rD1FHIF2DEE, ViZa /X7 T
DI EIL, V EEBRIZ “dimension couting” 22543
ND.
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r=30¢txEEZH
Lemma 10. » = dimV = 30 & & LELR LT
§Zi,t%ic§%bbf\ V&AL /NJ MIT&E 5,

proof

o {[An]}a CV EEDRIIET S,
“dimension counting” X9,

[Aa] — [Aco; z1] € My,

[Acc] € Mp_1 N Vzl M- N de—Q’

Tr1 € Zd—l M Zd

DHFEZV1/FDL I ENTD,

o Ux1 DX IZTBITLH/hSWirfE

U:[Aco; 1] DM NV N---N Vs TR D5
= U x [0,¢) x SO(3)/(x,0,g9) ~ (x,0,h)
= U x Cone(S50(3))

o [Axo; x1] DVIZBITHIIEE UN 1—1 N Vg

21



Proposition 11. i =d —1,diZ% LT
Ls.lux.exsoz)=C

Proposition XY, E’Zz ,(t=d—-1,d) &2 LEIDL

T, UIZBWT, §Zi’t75§5i’§<)ﬁ%%7‘:f£b\i5@:?%6
= V&a,/)XJ MNIT&5A

22



il

X = K3#K3, X042 —~ it=Eg, k=09
W72 (2], [X24] € Ha(X,Z)
1]+ -+ [Z24] =0 mod 2
V=MgNVs, N---NVay =°RP3
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