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1.0. Poisson manifolds

(M, ), m € T N2TM: Poisson manifold
—

[7,7] = 0 (Schouten bracket)

—

{f, g} :==(df,dg), f,g € C°(M):
Poisson bracket, i.e.,

(P1) {-,-}: Lie bracket,
(P2) {f,gh} = g{f, hi+{f,h}g, [f,g9,h € C*(M).

oo,

Sl 71 (df, dg, dh) = {{f, 9}, 1} + e



1.1. 00000 (A.Weinstein and P.Severa)

(M, w): Poisson manifold.

B: closed 2-form on M.

Ly :={7(a)+alace T"M} CTM & T"M,
where 7(a) := n(a, ), a € T*M.
. TM&T*M —TM®T*M, s.t.,

r5(z + a) : =z + a + B(z).

0o 1.1.

Poisson structure 37/ on M: L_, = t5(Lx)

—
7w — 7w “gauge transformation by B",

™ =r': “gauge equivalence’.

nooo,
# =7(1+4+B7)"! where 1+B7% : T*M — T*M.



0o 1.2.

7w 0 B 0O gauge transformation 0O 0O O
<=
1 + B#: invertible.

0 1.3. w1, mo: O 0O0O-Poisson structures on M.
o . ~—1 ~-1

-~ 1
1+ Byipmp = T T2.

00, 71 = 72(1 + Biafa) L.



1.2. Symplectic groupoid OO OO0 O

H. Bursztyn and O. Radko O O0O.

symplectic g.p. N symplectic g.p.

DDT DDT
. by B .
Poisson m.f.d. —— Poisson m.f.d.

000
é: 3 symplectic m.f.d. — Y Poisson m.f.d.,

where ¢. Poisson map, i.e.,
¢*. Poisson algebra homomorphism:

o {f. gt ={&*f, "9}, f.g€ C™.



s,t : G = Gp: symplectic groupoid,
(G,w): symplectic manifold,

(Gp,m™0): Poisson manifold.

00 1.4 (symplectic groupoidsO OO OO000O.)
mo — T: gauge transformation by B.

=

symplectic structuretd 00000

W =w4+s*B —t*B.
OO
1. (00O0DOO000)ooOoooooooooa.

2. presymplectic groupoids.
(00OoDOOoOoOooooon)



1.3. Poisson groupoidstU 00 OO0 O
symplectic groupoids C Poisson groupoids.
s,t : G = Gp:. Poisson grouopid

=
Go: Poisson manifold.

00 10 Bursztyn and Radko OO0 OO 4000 nOnO

0o, o00ood, oo odoogo:

(M, r): Poisson manifold.
1
d2 + 5{Q, Q}r =0,

where Q € T A2 T*M.

00000000, Poisson structured O OO O
0000

T P =7+ 7Q%.

P e AN2TM: Poisson structure.



OO0 20000000 oooood

(Poisson groupoidsd )

QOO0000O0 twist(OO)DO special case0 000
L1

00O 30 Poisson groupoid twistU O 0O O

Joog:

Structures(tensors 6, s.t., {6,0}hg = 0) OO
O 00 Dirac structures. Big-brackets OO0 0O O
Courant bracketsO OO O.

00000, Dirac structuresd 0 0O O

(0Coooo)



2 Poisson groupoids (O 0O)

2.1. LieO OO

LieOOOOO

t,s: G = Gg : Lie groupoid (smooth invertible
small category).

000, G=Ggor GUUond

000, Go={e} = GO LieO, ed00DO.

LieO OO

A — M: vector bundle,
o:.:A— TM: bundle map (anchor map).

(A,o0) or A: “Lie algebroid” on M

=

(A1) (A, [-,-]): Lie algebra on R,

(A2) [X, fY] = fIX,Y]+o(X)(N)Y, f € C®(M),
(A3) o[X,Y] = [0(X),a(Y)].



LieO O LieOO O QOO

AG: "the Lie algebroid of G”
<
AG — Gp: vector bundle on G,

TAG = {left invariant vector fields} C 'TG.
00 2.2. AGO Lie algebroid on Gp.

000, G=Goh AcGOoooooonog.

0 2.3. G: Lie group = AG =g.

0 2.4. D CTM: involutive subbundle on M.
G :=U( x 1), where [ a leaf,
Go = {(z,z)|r € M},

s(z,y) =z, t(z,y) = v,
AG = D.



0 2.5. (M,w): Poisson manifold.
(T*M,r): Lie algebroidO OO by

{O{, ﬁ}ﬂ' .= 27’{-(04)/8 — 27’{-(/8)05 + dﬂ-(ﬁ? Oé),
where a,8 € I'T* M.

Oo0O0T*M-000.
T*MoO DO OO Lie algebroid, 00O O0OO.

0 2.6. A=TM x g.



2.2. Lie bialgebroids and Poisson groupoids

(A,0), (A* 04): Lie algebroids on M,
d: T AFA* — T A\RTL A%,
(de : T ANFA T AL A)

(A, A*): Lie bialgebroid on M

=

d{a, B} = {da, B} + {a,dB}, a, 8 € [ A*,
where {-,-}: Lie bracket on I"A*

<

d«[X,Y] = [d« X, Y] + [X,dsY], X, Y €T A,
where [-,-]: Lie bracket on I"A.

0 2.7. (M, n): Poisson manifold.
(T'M,T*Myz): Lie bialgebroid by

deX = [r,X], X €ETTM.



Poisson Lied OO OO

s,t : G = Gq: Lie groupoid,
(G, m): Poisson manifold.

(G, m): Poisson groupoid

<—

{(x,y,zy)|0 0 graph} C Gx G x G~ coisotropic
submanifold.

<

(AG, AG*): Lie bialgebroid.

1 2.8.
symplectic groupoids (AG £ T*M;),
Poisson Lie groups.

0 2.9. (M, n): Poisson manifold.

G:=MxM, Gog:=M, s(z,y) .=z, t(z,y) ==y
TG = T X —T.

AG=TM.



00 2.10 (a).

(G, m): Poisson groupoid
=

(Go,? mo): Poisson manifold,
s: Poisson map, i.e.,

s*{f,9}0 ={s"f,s"g}q, [f,9€ C®(Go).

00 2.10 (b).
(A, A*): Lie bialgebroid on M
=

(M, ). Poisson manifold,
where

7= 4oy 0.

A=AGO0O0O (M = Gp),

(a), (b)O0 OO0 Poisson structure0 00O (£00).

(0COO0O0D)



30 Twist

(A, A*): Lie bialgebroid on M.
The double of (A, A*):

E = {A s> A*a [['7 ']]7 ('7 ')7:0}7
i.e., {E, A, A*}: the Manin triple.
(E: Courant algebroid.)

“twisting by H"
VH e T A2 A:

TH(x‘l'a)i:fC-l-E(a)-Fa, xr+ac ADA”.
Tﬁl =T_[H.

T—H(E) .= {A D A*v [['7 ']],7 ('7 ')/7 p/}a
where

T_plx,yl = [r—g&x), —g(M]I’,
x,y) = (r—gx),7—g(y)),
p-teg = p.

000, r_g(E) 2 E (doubleDO0).



0 3.1.
{r_g(E), A, A*}
0 {E, A, A*}O “twisting by H"000.

OO0 3.1.1.
T_H(E)|A>«< —=: A" # A* = E|A*
OO 3.2.
{r—_g(E), A, A*}: Manin triple
<

Ly(:= the graph of H): (integrable) Dirac
structure of E

<
1

00

ty{T_pg(E), A, A"}

{E, 71 (A), T (A")}
{E, A, Ly}.



(O00O) (A, A*): Lie bialgebroid, E: the double.

Dirac structures structures
(A, [, -], 0) (A, 1)
(A {,}, 04) (A*,n)
E on Ag A* (Ap A*, u+n)

(A*a {'7 '}/7 O{k) L= T—H(E)|A*
{0, 8Y = L5, B — L5500+ dH(B,a) + {a, 5},
where o, € T A*,

ol(a) = —oH(a) + ox(a),
where a € A*.

L8 — Li50+ dH(B, ), —oH(a) < n,pm

“Lie bialgebroidO twist” (Kosmann-Schwarzbach,
Roytenberg):

poi=p,

1
n = n+4+mn,y, 3-form:= d*H—I—E[H,H].



0 /00 3.3.

(M, w): Poisson manifold.
(T'M,T*Mz): Lie bialgebroid.
Er: the double of (T'M,T*Mj).

Tn(Er) = Eg, (7 =0).
o,
{Er, TM, T*Mz}: Manin triple
=
{Eq, TM, Lz}: Manin triple
=

[7, 7] = 0, where d« = 0.



00 3.4. (M, n): Poisson manifold with closed
2-form B.

U0 BO0OOOO0OOOO

—

L_pNLz=0

S

{Eq,L_p, Lz}: Manin triple.

O000,0000 (L_pg,Ly)0O Lie bialgebroidd OO
000 Poisson structure0 0 O0O000: 7 +— 7.



Joogdogguod

{Eqg, L, Lz}: Manin triple

—

L: (integrable) Dirac structure, s.t., LNL; =0
—

(L, Lz): Lie bialgebroid.

w(Er) =Eq0 000000

2
LMLy =0 <= 74(L) = Lo, CQLe T AT*M).
0,
L: (integrable) Dirac structure of Eg

=
Lao: (integrable) Dirac structure of Ex

<
1
aQ + {2, Q}x = 0.



0 3.5. L_gNLy=0:

r_~(L_p) = Lg,, where Qg = —B(1+#7B)~ 1.
P:=74+7Qpr0000

000 BOOOODDOD: n—P=7+000.

0 3.6. Ly, N Ly =0:

7—n(L_m,) = Lo, where Q = — (1 + 7)1

00 3.7. (M,ws): symplectic manifold with
Poisson structure .

T = Fs 4+ 775, (OQ.)



401 0 0O O

000 Maurer-CartanO OO OddQOd “Hamilton op-
erator’ OO [J.

OO0 A.

(G, m): Poisson grouopid on (Gg, mg),

2: Hamilton operator on (Gg, mg)

=

s*Q2 — t*Q2: Hamilton operator on (G, wg),

(G, Pg): Poisson groupoid on (Gg, Py), where
Po = 7w+ nq(s™Q —t"Q)ng,
Py ‘= mo+ mof27mg

Q=Qp000,

S*QB — t*QB — QS*B—t*B‘

0 A-1. Poisson grouopidd 0O 00O OO .



iQ={Q,Q},=0000,

t<2: Hamilton operator for each t € R..

0 A-2. 00000 Poisson grouopidd OO OO O
0 0.

0000 Lie bialgebroid (AG, AG*)D0O0O0ODO.
ox . AG* — TM: anchor map.
H:=0c* Q- -0s € N2 AG.

1

i.e., H: Hamilton operator.

O O
H = s Q- mqo, (left invariant)
H = wa - t*Q - mq. (right invariant)



(G, ma): Poisson groupoid,
(AG,AG™): the Lie bialgebroid,
E: the double of (AG, AG™*)

040 B.
H e T A2 AG: YHamilton operator
=

(G, Pgs): Poisson groupoid, where

—

—
Po=no+H-H

[0 00O Othe Lie bialgebroid of (G, P;)Od (AG, Lg)
OO0O0Oo0dooOodn Manin tripleld

{r_u(E), AG, AG*}.
O0000O{E, AG, AG*} 0O twisting by HO

00 B-1. (Go,mo) 00000000



0 A-3,B-2 (symplectic grouopidsO0 000 .)
(G,w): symplectic groupoid,

(M, ) = (Go,m0),

u: AG = T*M;.

oo,

2 2
FTANAG>H=Qel \T"Mx.
0000

H=u"1(Q) =0 Q0.

0 B-3 (rp=00000.)

0000, de« = 0.

00, Hamilton operators H: [H, H] = 0 (CYBE).
«— —

(G, H — H): Poisson groupoid.



Z. Liu and P. Xu

2
A r-matrix < £x[A,A] =0. (AeTl A AG.)

0 B-4 (generalized r-matrix.)
(G, m): Poisson grouopid with A, s.t.,
1
£x (ds/\ + 5[/\, AN)=0

=
(G, Pgn): Poisson groupoid, where

«— —
PG::T('G—F/\—/\.



