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Abstract

To overcome of the difficulty of divergence in the calculus on an
nfinite dimensional space, a sytemaitc use of ζ-regularization was pro-
posed nad named regularized calculus ([1]). In this paper, regularized
calculus and some of its applications are reviewed.

1 Introduction

In the calculus on an infinite dimensional space, we soon meet the difficulty
of divergence. For example, letH be a real Hilbert space with the coordinate
x = (x1, x2, . . . ), and let � be the Laplacian

� =
∞∑

n=1

∂2

∂x2
n

.

Then, even the metric function r(x) = ‖x‖, �r(x) diverges. But if H =
L2(X,E), the Hilbert space of square integrable sections of a bundle E over
a compact Riemannian manifold X, taking a positive selfadjoint elliptic
operator D acting on the sections of E, we can overcome this difficulty as
follows: Taking the complete ortho-normal basis of H by eigenfunctions
e1, e2, . . . ; Den = λnen, 0 < λ1 ≤ λ2 ≤ . . . , of D, and set x =

∑
n xnen, we

introduce the operator �(s) by

�(s) =
∞∑

n=1

λ−2s
n

∂2

∂x2
n

.

Then we define the regularized Laplacian : � :=: � :D by

: � : f(x) = �(s)f(x)|s=0,

where |s=0 means analytic continuation to s = 0 ([1],[17]). By definition,
we have

�(s)r(x) =
∞∑

n=1

λ−2s
n

r(x)
−

∞∑
n=1

λ−2s
n x2

n

r(x)3

=
ζ(D, 2s)
r(x)

−
∞∑

n=1

λ−2s
n x2

n

r(x)3
, ζ(D, s) =

∞∑
n=1

λ−s
n .
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Since X is compact, ζ(D, s) is holomorphic at s = 0 ([11], cf.[7],[18]). Hence
we obtain

: � : r(x) =
ν − 1
r(x)

, ν = ζ(D, 0).

Therefore : � : r(x) is defined.
This is an example of the application of ζ-regularization to overcome

the difficulty of divergence in the calculus on an infinite diemnsional space.
We proposed a systematic way of such applications called regularized cal-
culus ([1]). In this paper, we review regularized calculus and some of its
applications.

This paper is organized as follows: In §2, we introduce the pair {H,G},
H is a Hilbert space and G is a positive Schatten class operator such that
ζ(G, s) = trGs is holomorphic at s = 0. Related spaces H�, etc. are also
introduced. Throughout the paper, regularization is done by using spectres
of G. The pair {H,G} is closely related to Connes’ spectral triple ([9]),
and H� ∼= H ⊕ R may be interpreted as the (total space of the determinant
bundle over H ([1],[5]). But we do not discuss on these points in this review.

Next two Sections deal with regularizations of elementary functions on
H�. Especially, regularization of infinite product of coordinate functions of
H�, which is named regularized infinite product, is precisely studied. If T
is a scaling operator, regularized infinite product of eigenvalues of T can
be regarded as a regularization of the determinant of T . Acording to this
observation, we define regularized determinant of T = eS by

detGT = etr(GsS)|s=0,

(§5, cf.[2]). Since tr(GsS)|s=0 is the renormalized trace of Paycha ([8],[15]),
regularized determinant is an adaptation of renormalized trace.

§6 deals with regularized infinite dimensional integral. Since regularized
determinant appears as the Jacobian of coordiante transform of regularized
infinite dimensional integral, we obtain a mathematical justification of the
appearence of Ray-Singer determinant in Physicists’ calculation of Gaussian
path integral ([2]). §7-§9 are devoted explanations of applications of regu-
larized infinite integral, such as regularized volume form and regularized
volume of infinite dimensional sphere ([3]), regularized Cauchy kernel([4])
and Fourier expansion of periodic functions of infinite variables ([6]). Then
in §10, we solve periodic boundary value problem of regularized Laplacian,
applying results on Fourier expansion of periodic functions on H�.

Existence of regularized volume form on spheres and possibility of Fourier
expansion provide de Rham type cohomology with Poincaré duality derived
from H� (not from H). These examples suggest if a Hilbert manifold (or
a manifold modeled limit space of Hilbert spaces) allows to define weak
topology and compact by the weak toplogy, then the manifold has finite
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regularized volume. As a consequence, we can define de Rham type coho-
mology having Poincaré duality on such spaces (cf.[10],[13]). But at this
stage, this is only feeling, not a conjecture. These are explained in $11, the
last Section.

2 Hilbert space equipped with a Schatten class op-
erator

Let H be a Hilbert space over K, K = R or C. G a positive Schatten class
operator (cf.[16]) such that its ζ-function ζ(G, s) = tr(Gs) is holomorphic at
s = 0. Typical example of such pair is H = L2(X,E), the Hilbert space of
square integrable sections of a vector bundle E over a compact Riemannian
manifold X and G is the Green opertor of a positive selfadjoint elliptic
pseudo differntial operator D acting on ths sections of E (cf.[11],cf.[7],[18]).

ν = ζ(G, 0) and the location d of the first pole of ζ(G, s) are important
numbers of the pair {H,G}. If G is the Green operator of m-th order elliptic
equation on an n-dimensional compact Riemannina manifold, then d = n/m.
This is the meaning of d. The residue of ζ(G, s) at s = d is denoted by c. It
is a positive real number.

Note. We often need integrity of ν. This is not restrictive in practice.
Because, if G is the Green operator of an elliptic operator D on a compact
Riemannina manifold, then

ζ(D +mI, 0) = ζ(D, 0) +
[d]∑

k=1

(−1)kRess=kζ(D, s)
mk

k
,

where [d] is the Gauss’ notation. Hence selecting m, ζ(D +mI, 0) becomes
an integer ([1]).

We take eigenfunctions e1, e2, . . . , Gen = µnen, µ1 ≥ µ2 ≥ . . . > 0,
as the complete ortho-normal basis of H. Note that selection of e1, e2, . . .
gives an additional structure to the pair {H,G}. But we have not yet any
information obtained from the selection e1, e2, . . . .

Since G is positive, the operator Gk; Gken = µk
nen, is uniquely defined.

If k < 0, Gk is not defiend on H. Its domain is denoted by D(Gk).
Let ‖x‖ and (x, y) be norm and inner product of H. Then we introduce

Sobolev k-norm ‖x‖k, and inner product (x, y)k, x, y ∈ D(G−k/2), by

‖x‖k = ‖G−k/2x‖, (x, y)k = (G−k/2, G−k/2). (1)

We denote W k the completion of D(G−k/2) by this norm. By definitions,
H = W 0 and

W k = G−k/2H, Gl/2 : W k ∼= W k−l. (2)
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We set en,k = Gk/2en = µ
k/2
n en. {e1,k, e2,k, . . . } is a complete ortho-normal

system of W k.

Note. If x =
∑∞

n=1 xn,ken,k ∈W k,�, the coordinate of x ∈W k,� is given
by (x1,k, x2,k, . . . ). Then, since en,k = µ

k/2
n en, we have xn,k = µ

−d/2
n xn. Here

x =
∑∞

n=1 xnen.

As sets, we have W k ⊂W l, k > l. We set⋂
j<k

W j = W k−0,
⋃
l>k

W l = W k+0. (3)

If k = 0, we use notations H± instead of W 0±0.
We say a series x1, x2, . . . of elements of W k−0 converges to x ∈W k−0 if

and only if limn→∞ ‖xn−x‖j = 0 for all j; j < k. While a sereis x1, x2, . . . of
elements of W k+0 is said to converge to x ∈W k+0 if limn→∞ ‖xn −x‖l = 0,
for some l; l > k.

By definitions and (2), if y ∈ W k+0, then we have y = Gly0, y0 ∈ W k,
for some l > 0. On the other hand, if x ∈ W k−0, we can set x = G−lx0,
x0 ∈W k for any l > 0. Then we define the pairing 〈x, y〉k of x ∈W k−0 and
y ∈W k+0 by

〈x, y〉k = (x0, y0)k.

Since W k−0 ⊂W k−l = G−l/2W k, l > 0, as sets, we can express uniquely
x ∈W k−0 as

∑∞
n=1 xnen,k. By using this expression, we set

e∞,k =
∞∑

n=1

µd/2
n en,k. (4)

If k = 0, we denote e∞, instead of e∞,0. By definition, e∞,k ∈ W k−0 but
does not belong to W k.

Definition 1. We set

W k,� = W k ⊕ Ke∞,k ⊂W k−0. H� = W 0,�. (5)

Note. W k,� does not determined by the pair {H, g}. It depends on the
choice of eigenfunctions e1, e2, . . . of G.

We consider W k,� to be a subspace of W k−0. Hence it is not a Hilbewrt
space. But since W k,� = W k⊕Ke∞,k, if x ∈W k,�, then it is written uniquely

x = xf + te∞, xf ∈W k, t ∈ K,

we can introduce an inner product (x, y)k,� of x, y ∈W k,� by

(x, y)k,� = lim
s↓0

(Gs/2(xf +
√
ste∞,k),Gs/2(yf +

√
sue∞,k)k.
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W k,� becomes a Hilbert space by this inner product W k,�. A complete
orthonormal basis of this space is given by {e1,k, e2,k, . . . , (

√
c)−1e∞,k}.

There is an alternative way to extend Hilbert space, based on polar
coordinate of H. Denoting r = ‖x‖, x =

∑
n xnen, polar coordinate of H is

defined by

x1 = r sin θ1, x2 = r cos θ1 sin θ2, . . . ,
xn = r cos θ1 · · · cos θn−1 sin θn, . . . . 0 ≤ θn ≤ π.

This polar coordiante has no longitude. Latitudes are not independent.
They need to satisfy the constraint

lim
n→∞ sin θ1 · · · sin θn = 0. (6)

Putting out of this constraint, a new variable t∞ = ±∏∞
n=1 sin θn is

obtianed. Adding this variable to H, we obtain an extension Ĥ of H.
Polar coordiante is also defined on W s. Denoting latitudes of e∞ ∈W−s,

s > 0, by θn(s), we have

θn(s) =
π

2
− µ

d/2
n√
c

√
s+O(s), s ↓ 0,

([5]). Hence by the polar coordiante of Ĥ, we have

lim
s↓0

√
se∞ = (

√
c,
π

2
,
π

2
, . . . ).

Therefore, we have ([5])

Proposition 1. By the map ρ: ρ(x, te∞) = (x, t
√
c) ∈ Ĥ, we can

identify H� and Ĥ.

3 Elementary functions on H�

Even the sum sigma1(x) =
∑∞

n=1 xn of coordinates of x ∈ H can not define
on H. So we regularize σ1(x) as follows;

: σ1(x) :=
∞∑

n=1

µs
nxn|s=0.

For example, if x = x(t) =
∑∞

n=1 µ
t
nen, t > d/2, then σ1(x(t)) defined for

t > d, but : σ(x(t)) : is defiend for t > d/2, t 
= d, d1, . . . , dm, d > d1 >
· · · dm ≥ d/2, where d1, . . . , dm are poles of ζ(G, s). We note that if we
introduce the scaling operator Ix; Ixen = xnen, we have

: σ1(x) := tr(GsIx)|s=0. (7)
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Hence : σ1(x) : is a kind of renormalized trace of Paycha ([8],[15]). By (7),
if : σ1(ax+ by) :, a, b ∈ K, and : σ1(x) :, : σ1(y) : both exist, then we have

: σ1(ax+ by) := a : σ1(x) : +b : σ1(y) : . (8)

Regularization of the k-th order elementary symmetric function σk(x) =∑
i1,... ,ik

xi1 · · · xik is defined by

: σk(x) :=
∑

i1,... ,ik

µs
i1 · · ·µs

ik
xi1 · · · xik |s=0.

By definitions, we have

∞∏
n=1

(1 + µs
nxnt)|s=0 = 1 +

∞∑
k=1

: σk(x) : tk. (9)

Since we have

log(
∞∏

n=1

(1 + µs
nxnt) =

∞∑
n=1

log(1 + µs
nxnt)

=
∞∑

n=1

∞∑
k=1

(−1)k−1

k
µks

n x
k
n =

∞∑
k=1

(−1)k−1

k

∞∑
n=1

µks
n x

k
n,

and since
∑∞

n=1 x
k
n converges if x ∈ H and k ≥ 2, we obtain

Proposition 2. If x ∈ H and : σ1(x) : exists, then : σk(x) : exists
for all k; k ≥ 2.

We note that since : σ1(e∞) := ζ(G,d/2), : σ1(e∞) : exists, if ζ(G, s) is
holomorphic at s = d. But : σ2(e∞) : does not exists, because ζ(G, s) has a
pole at s = d. Hence this Proposition does not hold on H�.

Note.
∏∞

n=1 xn does not appear in the expansion of
∏∞

n=1(1 + xnt). Its
regularization is discussed in the next Section.

: σj(x) : is also defiend for x ∈ W k or x ∈ W k,�. But since W k =
Gk/2H, σj(x) exists if k > 2d, so we need not use regularization to consider
elementary symmetric functions if k > 2d.

Next we consider infinite product of trigonometric functions

snm = sin 2nmµ
−d/2
n xn, cnm = cos 2nmµ

−d/2
n xn.

Here, limn→∞ nm = n∞ must exists, because
∑

n nmxnen ∈ H�, for any 0 ≤
xn ≤ µ

d/2
n . Under this assumption, the infinite product

∏∞
n=1 fn(xn), fn(xn)

is either of snm, or cnm , does not vanish on H� if and only if fn(xn) = snm
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except finite numbers n(1), . . . , n(j) of n, or fn(xn) = cnm , except finite
numbers n(1), . . . , n(j) of n. Here we do not need regularization.

On the other hand,
∏∞

n=1 fn(xn) = 0 on H, unless fn(xn) = 1, except
finite numbers n(1), . . . , n(j) of n.

We conclude this Section to add some remarks on Fréchet differentiable
functions on U , a subset of H�. If a function f on U is Fréchet differentiable,
then for some j < 0, we have f(x + ty) = f(x) + t(df(x), y)j + o(t), and
‖y‖j <∞. Hence we have

Lemma 1. Let f be a Fréchet differentiable function on a subset of
H�, then

‖f(x) − f(xn‖l ≤ (1 + ε)‖df(x)‖j‖x− xn‖j , ε > 0, (10)

for some j < 0, if n is large.

4 Regularized infinite product

Let x1, x2, . . . be a series of complex number having an Agmon angle θ; θ <
Argxn < θ + 2π. Then we define regularized infinite product :

∏∞
n=1 xn :=:∏∞

n=1 xn :G,θ (− :
∏∞

n=1 xn :G), by

:
∞∏

n=1

xn :G,θ=
∞∏

n=1

xµs
n

n |s=0, xµs
n

n = |xn|µs
neµs

niArgxn . (11)

Note that if
∑∞

n=1 xnen ∈ H�, then {x1, x2, . . . } has an Agmon angle if
x /∈ H. Because to set xn = xn,f + tµ

d/2
n ,t 
= 0, we have

lim
n→∞Argxn = Argt.

Example. If xn = µk
n, then

:
∞∏

n=1

µk
n :G =

∞∏
n=1

µkµs
n

n |s=0 =
∞∏

n=1

ekµs
n log µn |s=0

= e
�∞

n=1 k log µnµs
n |s=0 = ekζ′(G,s)|s=0 = (detGk).

Here detGk means Ray-Singer determinant of Gk.

By definition, as a function of x1, x2, . . . , :
∏∞

n=1 xn : is linear in each
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variable, and we have

;
∞∏

n=1

xk
n :G,kθ = (:

∞∏
n=1

xn :G,θ)k, k ∈ R, (12)

:
∞∏

n=1

txn :G,θ = tν :
∞∏

n=1

xn :G,θ, t > 0, (13)

:
∞∏

n=1

|xn| :G = |
∞∏

n=1

xn :G |. (14)

:
∞∏

n=1

xnyn :G,θ1+θ2 = :
∞∏

n=1

xn :G,θ1 · :
∞∏

n=1

yn :G,θ2 . (15)

:
∞∏

n=1

Gkxn :G = (detG)k :
∞∏

n=1

xn :G . (16)

Therefore :
∏∞

n=1 xn : is differentiable in each xn and we may consider

∂N

∂xi1 · · · ∂xiN

:
∞∏

n=1

xn :=:
∏

n/∈{i1,... ,iN}
xn : . (17)

If x = xf + te∞ ∈ H�, t 
= 0, xf =
∑

n xf,nen ∈ H, then

:
∞∏

n=1

xn : =
∞∏

n=1

(xf,n + tµd/2
n )µ

s
n |s=0

= tζ(G,s)
( ∞∏
n=1

µµs
n

n

)d/2
∞∏

n=1

(
1 +

xf,n

tµ
d/2
n

)µs
n |s=0

= tν(detG)d/2
∞∏

n=1

(
1 +

xf,n

tµ
d/2
n

)
,

if
∑∞

n=1 |µ−d/2
n xf,n| <∞. Hence denoting

�1,c = {
∞∑

n=1

xnen|
∞∑

n=1

µ−c
n |xn| <∞},

:
∏∞

n=1 xn : is defined on �1,d/2 ⊕ K
×e∞. Here K

× means K \ {0}. This
function is single valued if and only if ν is an integer.

Let x = xf + te∞ =
∑

n xnen ∈ H� and let x̌ = te∞ − xf =
∑

n x̌nen,
then :

∏∞
n=1 xn : · :

∏∞
n=1 x̌n : exists if xf ∈ W d. Therefore the function

:
∏∞

n=1 xn : is analytic on W d ⊕ Ke∞ ⊂ H�.
Similarly, by (16), if we consider :

∏∞
n=1 xn : to be a function on W k,�,

it is defined on �1,(k+d)/2 ⊕ K
×e∞,k and analytic on W k+d ⊕ K

×e∞,k.
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Note. In these calculations, we need to assume x /∈W k. But since

:
∞∏

n=1

(t+ xn) := tν
∞∏

n=1

(
1 +

xn

t

)
:,

we may define finite part of :
∏∞

n=1 xn : by

p.f. :
∞∏

n=1

xn :=: σν(x) :, (18)

if ν is a positive integer.

For a series x = (x1, x2, . . . ), we set log x = (log x1, log x2, . . . ). Then we
have log Ix = Ilog x, that is we have

eIlog x = Ix.

Then, since

etr(GsIlog x)|s=0 = e
�∞

n=1 µs
n log µn |s=0

=
∞∏

n=1

xµs
n

n |s=0 =:
∞∏

n=1

xn :G,

we have

Lemma 2. We have

:
∞∏

n=1

xn :G= etrGsIlog x |s=0. (19)

5 Regularized determinant

Suggested by Lemma 2, we define regularized determiannt of a linear oper-
ator T as follows;

Definition 2. Let T be a linear operator densely defined on H. If
T has the logarithm log T = S; eS = T , then we define regularized
determnant detGT of T with respect to G by

detGT = etr(GsS)|s=0. (20)

By Lemma 2 and Example of §4, we have

detGIx =:
∞∏

n=1

xn :G, detGG = detG.
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But since logT is not unique, detGT is not unique in general. For example,
we have

detG(tI) = elog tζ(G,s)|s=0 = tν .

If ν is not an integer, tν is not unique.
If D/ is the Dirac operator (assumed to have no 0-mode), and G is the

Green operator of |D/|, then

detGD/ = (−1)ν−det|D/|, ν− =
ζ(|D/|, 0) − η(D/, 0)

2
.

Hence detGD/ is not unique unless ν− is an integer ([1]).

If T = I +U , U a trace class operator, then det(I +U) is defined ([16]).
In this case, we can determine log(I + sU), ‖sU‖ < 1, by

log(I + sU) =
∞∑

n=1

(−1)n−1

n
snUn, |s| < ‖U‖−1.

Hence detG(I + sU) = det(I + sU) if |s| < ‖U‖−1. Then by analytic contin-
uation, we have detG(I + U) = det(I + U).

If T1T2 = T2T1 and log T1 logT2 = log T2 log T1, then we have

detG(T1T2) = detGT1detGT2.

Especially, we have

detG(tT ) = tνdetGT. (21)

Lemma 3. If both T1 = eS1 , T2 = eS2 have regularized determinants
and Campbell-Haussdorff ′formula is valid for T t

1, T
t
2 and moreover

GsS2 = S2G
s is hold, then we have detGT1T2 = detGT1dtGT2.

Proof. By assumptions, we have trGsS2H = trS2G
sH = trGsHS2, for

any H. Hence trGs[S2,H] is equal to 0. On the other hand, by Campbell-
Haussdorff’ formula (cf.[14]), we have

T t
1T

t
2 = etS1etS2 = et(S1+S2)+[S2,f(t,S1,S2)],

if |t| is small. Hence we obtain

detG(T t
1T

t
2) = etr(Gs log(T t

1T t
2)|s=0 = etr(Gs(t(S1+S2)+[S2,f(t,S1,S2)])|s=0

= etr(Gs(t(S1+S2)))|s=0 = etr(tGsS1)|s=0etr(tGsS2)|s=0.

Therefore we have Lemma by analytic continuation with respect to t.
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We have detG(PTP−1) = detP−1GPT . But it may different from detGT .
For example, if{

Ge2n−1 = 1
ne2n−1,

Ge2n = 1
n+1e2n,

{
Te2n−1 = 3e2n−1,

T e2n = 2e2n,

{
Pe2n−1 = e2n,

P e2n = e2n−1,

then we have

detGT = 3ζ(s)2ζ(s)−1|s=0 =
1

2
√

6

= detGPTP−1 = 2ζ(s)3ζ(s)−1 =

1
3
√

6
.

If PG = GP , or P = I + K, K is a compact operator, then we have
detGT = detG(PTP−1) for any T . To apply regularized infinite dimensional
integral, P need not be bounded. But it needs to map H� (or W k,�) into
W l,�. Determination of the group of such operators is a future problem.

To extend the formula detGG
k = ekζ′(G,0), we first note

dm

dtm
Gt = (logG)mGt

is hold if we consider {Gt|t ∈ R} to be the 1-parameter group of operatros
on W∞ = ∪lW

l. We also define the operator et(log G)kGm
, k ∈ N, m ∈ C,

where ζ(G, s) is holomorphic at m, by

et(log G)kGm
en = et(log µn)kµm

n en.

By definition, if k ≥ 1, we have

et(log G)kGm
= Gt(log G)k−1Gm

.

Proposition 3. If ζ(G, s) is holomorphic at s = m, then

detGet(log G)kGm
= etζ(k)(G,m), (22)

detGGt(log G)k−1Gm
= etζ(k)(G,m), k ≥ 1. (23)

Proof. Since
d

ds
trGm+s = tr

( d
ds
Gm+s

)
, we have

etζ(k)(G,m+s)|s=0 = et dk

dsk (trGm+s)|s=0 = ettr( dk

dsk Gm+s)|s=0

= ettr((log G)kGm+s)|s=0 = detGet(log G)kGm
.
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For example, if G is the Green operator of an elliptic operator D, then
the heat kernel e−tD = e−tG−1

has the regualrized determinat with respect
to G if and only if ζ(G, s) is holomorphic at s = −1, and we have

detGe−tD = e−tζ(G,−1).

Hence detG exp(−tD) is independent of t if ζ(G,−1) = 0.
In genral, by Lemma 3, if detGC exists and Campbell-Haussdorff’ for-

mula hold for Ct and e−tD, then

detG(Ce−tD) = detGC · detGe−tζ(G,−1). (24)

It is also seen, if
∑∞

n=1(1 + |xn|) <∞, then

:
∞∏

n=1

et(log µn)kµm
n (1 + xn) := etζ(k)(G,m)

∞∏
n=1

(1 + xn),

if ζ(Gs) is holomorphic at s = m.

Note. The proof of Proposition 3 also shows if ζ(G, s) has a pole at
s = m, then some regularized infinite products with respect to G, such as

:
∞∏

n=1

eµm
n :G, do not exist.

If m is negative, x(m) =
∑∞

n=1 e−µm
n en ∈ H. Hence if ζ(G, s) has a pole

at s = m, the function :
∏∞

n=1 xn has singularity at x = x(m). This showes
:
∏∞

n=1 xn : may have many singularities on H (or on H�).

6 Regularized infinite dimensional integral

In this Section, we assume H is a real Hilbert space. Let a = (a1, a2, . . . )
and b = (b1, b2, . . . ) be serieses of real numbers or ±∞ such that an < bn,
n = 1, 2, . . . and limn→∞ µ

−d/2
n = t, limn→∞ µ

−d/2
n bn = t̄ both exists. Here

t and t̄ may take −∞ or ∞. Then we define Da,b ⊂ H� by

Da,b = {
∞∑

n=1

xnen ∈ H�|an ≤ xn ≤ bn}. (25)

By definition, we have

Gk/2Da,b = {
∞∑

n=1

xnen,k ∈W k,�|an ≤ xn ≤ bn}(= Da,b;k). (26)

We regard R
N to be {∑N

n=1 xnen ∈ H�}, and set

DN
a,b = {

N∑
n=1

xnen|an ≤ xn ≤ bn} ⊂ R
N .

12



We also take a basepoint ξ = (ξ1, ξ2, . . . ) ∈ Da,b and set

ξ = (ξ1, . . . , ξN , ξN ); ξN = (ξN+1, ξN+2, . . . ).

Definition 3. We define the regularized integral of a function f on
Da,b by∫

Da,b

f(x) : d∞x := lim
N→∞

∫
DN

a,b

f(x1, . . . , xN , ξ
N )d(xµs

1
1 ) · · · d(xµs

N
N )|s=0. (27)

By Lemma 1, if f is Fréchet differentiable, this limit deos not depend on
the choice of ξ, if it exists.

Note. If an < 0, we need to fix its argument. For the simplicity, such
selection must be done simultaneously for all coordinates. Hence there are
two kinds of regularized infinite dimensional integral in this case, according
to the selection −1 = eiπ, or −1 = e−iπ.

Regularized integral of the function on Da,b;k is similarly defined. De-
noting regularized volume form on Da,b;k by : d∞x :k, we have

: d∞x :k= (detG)−k/2 : d∞x : . (28)

Because d(xµs
n

n,k) = µ
(−k/2)µs

n
n d(xµs

n
n ). In general, since

∫ b

a
f(x)d(xµs

) =
∫ b/c

a/c
f(cy)cµ

s
d(yµs

), x = cy,

we have ([2])

Theorem 1. Let Ic be the scaling operator Icen = cnen, c1 > 0, c2 >
0, . . . , then∫

Da,b

f(x) : d∞x :=
∫

Ic(Da,b)
(:

∞∏
n=1

cn :)−1f(I−1
c x) : d∞(Icx) : . (29)

Corollary. If f(x) =
∏∞

n=1 fn(xn), and
∫ bn

an
fn(xn)dxn = cn > 0, then

∫
Da,b

f(x) : d∞x :=:
∞∏

n=1

∫ bn

an

fn(xn)dxn : . (30)

Proof. If
∫ b
a f(x)dx = c 
= 0, then to set y = cx, we have

∫ b/c
a/c f(y)dy =

1. Hence by using scaling transformation Ic; Icen = cnen, we have Corollary.

13



Example. Let G be the Green operator of a positive elliptic operator
D. Then ∫

W 1/2,�

e−π(x,Dx) : d∞x :=
1√

detD
.

Here detD is the Ray-Singer determinant of D ([2]).

The assumption an < bn in Definition 3 can be relaxed as follows: Let
σ = (±1,±2, . . . ) be a sereis of symbols ± and let∫

DN
a,b:σ

f(x)dNx =
∫ β1

α1

· · ·
∫ βn

αN

f(x)dNx,

Here αn = an, βn = bn, if ±n = + and αn = bn, βn = an, if ±n = −. Then∫
Da,b:σ

f(x) : d∞x : is defined if ±n = + except finite m-numbers, or ±n = −
except finite m-numbers. In these cases, we have∫

Da,b:σ

f(x) : d∞x := (−1)n(σ)

∫
Da,b

f(x) : d∞x : . (31)

Here n(σ) = m if most of ±n are + and ν −m if most of ±n are −. Note
that if ν is not an integer, (−1)ν−m depends on the choice of the argument
of −1.

As a consequence, Theorem 1 and its Corollary are valid for the scaling
operator Ic, where c1 
= 0, c2 
= 0, . . . , and they have same sign except
finite ci1 , . . . , cim , or for f(x) =

∏∞
n=1 fn(xn) where

∫ bn

an
fn(xn)dxn 
= 0,

n = 1, 2, . . . , and they have same sign except finit n1, . . . , nm.

Note. (29) suggests general formula∫
F (Da,b)

f(F (x)) : d∞F (x) :=
∫
Da,b

|detGdF |f(x) : d∞x :,

might be hold. If we get such formula, we can combine regularized integral
and probalistic integral.

But since rgularized determinant is not invariant under the conjugation
by inversible operator, it seems to get this type equality, we need to clarify
the group of operators whose conjugations preserve regularized determinant.

We also note that by (30), we can define regularized volume of Da,b by

: vol(Da,b) :=
∫
Da,b

: d∞x :=:
∞∏

n=1

(bn − an) : . (32)

By definition, : vol(Da,b) : is translation invarinat. But we can not derive
a nontrivial measure on the family of Borel sets generated by open sets of H�

14



by using regularized volume. Because there exists a, b such that : vol(Da,b) :
does not exists by (22).

On th other hand, it seems there are possibilities to give Riemannian
integral type definitin to regularized integral by using regularized volume.
This might be a future porblem.

There are two alternative definitions of regularized integral. The first
definition uses fractional integral

Iµ
x f(x) =

1
Γ(µ)

∫ x

0
(x− t)µ−1f(t)dt.

Then, since

log
( ∞∏
n=1

Γ(1 + µs
n)

)
= −γζ(G, s) +

∞∑
m=2

(−1)m
ζ(m)
m

ζ(G,ms),

we have
∏∞

n=1 Γ(1 + µs
n)|s=0 = 1. Hence we get∫

D0,x

f(x) : d∞x := lim
N→∞

I
µs

1
x1 · · · Iµs

N
xN f(x1, . . . , xN , ξ

N )|s=0. (33)

The second definition uses suitabel function space on which

lim
N→∞

∂N

∂x1 · · · ∂xN
:

∞∏
n=1

xn := 1,

is hold in the weak sense (cf.[12]). Then using same function space, we have

lim
N→∞

∫
DN

a,b

( ∂N

∂x1 · · · ∂xN
x

µs
1

1 · · · xµs
N

N

)
f(x1, . . . , xN , ξ

N )dNx|s=0

=
∫
Da,b

f(x) : d∞x :, (34)

in the weak sense on this function space. An example of such function space
is L2,1

b (H�), the Sobolev 1-type L2-space generated by

f(x1, . . . , xn)e−π(
�

m>n x2
m), f ∈ C1

b (Rn) ∩ L2(Rn),

([2]). Here C1
b (Rn) is the space of bounded C1-class functions on R

n and we
set

e−π(
�

m>n x2
m) = 0, if

∑
m>n

|xm|2 = ∞,

15



7 Regularized integral by polar coordinate

Let r be ‖x‖, x ∈ R
N . Then by the polar coordinate

x1 = r cos θ1, . . . , xN−2 = r sin θ1 · · · sin θN−3 cos θN−2,

xN−1 = r sin θ1 · · · sin θN−2 cosφ, xN = r sin θ1 · · · sin θN−2 sinφ,

of R
N ⊂ H�, we have∫

�N

( ∂N

∂x1 · · · ∂xN
x

µs
1

1 · · · xµs
N

N

)
f(x)dNx

=
∫ ∞

0

∫
SN−1

rµs
1+···µs

N−N ×

× sinµs
2+···+µs

N−N+1 θ1 · · · sinµs
N−1+µs

N θN−2FN (x; s)f(x) ×
×rN−1 sinN−2 θ1 · · · sin θN−2dφ

=
∫ ∞

0
rµs

1+···+µs
N−1dr

∫
SN−1

FN (x; s)f(x) ×

× sinµs
2+···µs

N−1 θ1dθ1 · · · sinµs
N−1+µs

N−1 θN−2dθN−2dφ.

Here FN (x; s) = FN (| cos θ1|, . . . , | cos θN−2|, | cos φ|, | sin φ|; s), where

F(x; s) =
∂N

∂x1 · · · ∂xN
x

µs
1

1 · · · xµs
N

N .

Since limN→∞FN (x; s) = 1 by the weak topology of W 1(R∞), we have

F (θ1, θ2, . . . ; s)|s=0 = 1, F (θ1, θ2, . . . ; s) = lim
N→∞

FN (x; s)|φ=0,π .

Hence by the weak toplogy of L2,1
b (H�), we have

lim
N→∞

∫
�N

( ∂N

∂x1 · · · ∂xN
x

µs
1

1 · · · xµs
N

N

)
f(x)dNx|s=0

=
∫ ∞

0
rν−1dr

∫
Ŝ∞

f(x)
∞∏

n=1

sinν−n−1 θndθn.

Because θ1, θ2, . . . are independent in this calculation. Summarizing these,
we have ([3])

Theorem 2. By the polar coordinate of Ĥ = ρ(H�), we have

ρ∗(: d∞x :) = rν−1drd∞ω, d∞ω =
∞∏

n=1

sinν−n−1 θndθn. (35)

Note 1. By the constraint (6), d∞ω can not defined on S∞, the unit
sphere of H.

16



Note 2. We need not integrity of ν in (35). Since ν(m) is a polynomial
of m, if ν(m) = ζ(Gm, 0), where Gm is the Green operator of D +mI, D is
an elliptic operator, we ask; Can we give an interpretation of dimensional
regualrization in renormalization theory via (35)?

Since
∫

H�

e−π‖x‖2
: d∞x := 1, by (30), we have

∫ ∞

0
rν−1e−πr2

dr

∫
Ŝ∞

d∞ω = 1.

Therefore we have

: vol(Ŝ∞) :=
∫

Ŝ∞
d∞ω =

2πν/2

Γ(ν
2 )
. (36)

Note. To apply same calculation to (Rn)⊥ ⊕ Re∞ ⊂ H�, we have

: d∞x := dNxrν−Ndr : d∞−Nω : .

This suggests existence de Rham type cohomology of degree (∞ − N) of
H� \ R

N and residue map

res : H∞−N (H� \ R
N ,R) → H0(RN ,R).

Definition and existence of the residue map are investigated in [4].

8 Regularized Cauchy kernel

Let H be a complex Hilbert space, and let C
N = {∑N

n=1 znen} ⊂ H. We
also set

T∞,k
r = {

∞∑
n=1

znen,k ∈W k,�||zn| = µd/2
n r}, (37)

TN,k
r = T∞,k

r ∩ C
N , DN,k

r = {
N∑

n=1

znen,k||zn| ≤ µd/2
n r} (38)

If k = −d/2, r = 1, we denote T∞ and D∞, instead of T ?∞,−d/2
1 and

D∞,−d/2
1 .

By the map w = za, {z = eiθ|0 ≤ θ ≤ 2π} is mapped to {w = eiφ|0 ≤
φ ≤ 2aπ}, we have

(2πi)a−1

a

∫
|z|=1

d(za)
za

= (2πi)a.
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Here
∫
|z|=1

dz means
∫ 2π

0
ieiθdθ. Hence we have

lim
n→∞

∫
T n

(2πi)µ
s
1−1

µs
1

d(zµs
1

1 )

z
µs

1
1

· · · (2πi)µ
s
n−1

µs
n

d(zµs
n

n )

z
µs

n
n

)|s=0 = (2πi)ν . (39)

T n = {eiθ1 |0 ≤ θ1 ≤ 2π} × · · · × {eiθn |0 ≤ θn ≤ 2π}.

Note that T n is not a torus. But if ν is an integer, we can regard T n to be
a torus. Hence if ν is an integer, we can regard

T∞ = {eiθ1 |0 ≤ θ1 ≤ 2π} × {eiθ2 |0 ≤ θ2 ≤ 2π} × · · · .

Then we have∫
T∞

: d∞z :T∞

:
∏∞

n=1 zn :G
= (2πi)ν , (40)

: d∞z :T∞ =
∞∏

n=1

((2πi)µ
s
n−1

µs
n

d(zµs
n

n )
)|s=0. (41)

Hence if a function f(z) on D∞ = {∑n znen||zn| < µ
d/2
n } allows Taylor

expansion

f(z) =
∑

i1,... ,ik

ai1,... ,ikz
i1
1 · · · zik

k , |z1| < µ1 d/2, . . . , |zk| < µ
d/2
k ,

we have

f(ζ) =
1

(2πi)ν

∫
T∞

f(z)
: d∞z :T∞

:
∏∞

n=1(zn − ζn) :
. (42)

Definition 4. We say
1

(2πi)ν
: d∞z :T∞

:
∏∞

n=1(zn − ζn) :
to be the regularized

Cauchy kernel, provided ν is an integer.

Note. If ν is not an integer, we can not expect the formula (42). Because
:
∏

n(zn − ζn) : is not a single valued function if ν is not an integer.

A function f(z) on dense subset of D∞ is said to be analytic if

∂f(z)
∂z̄n

= 0, n = 1, 2, . . . ,

According to this definition, :
∏∞

n=1 zn : is an analytic function. But it does
not allow Taylor expansion.
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If |c| > |z|, we have (z + c)a = ca
(
1 +

∞∑
n=1

a(a− 1) · · · (a− n+ 1)
n!

(
z

c
)n

)
.

Hence we have∫
|z|=ε

(z + c)a
d(za)
za

= aica
∫
|z|=ε

(
1 +

∞∑
n=1

a(a− 1) · · · (a− n+ 1)
n!

εn

cn
einθ

)
dθ = 2aπica.

Therefore we get

1
(2πi)ν

∫
T∞

:
∞∏

n=1

zn :
: d∞z :T∞

:
∏∞

n=1(zn − ζn) :
=:

∞∏
n=1

cn :, |cn| > µd/2
n . (43)

On the other hand, (z + c)a = za
(
1 +

∞∑
n=1

a(a− 1) · · · (a− n+ 1)
n!

(
c

z
)n

)
if |z| > |c|. Hewnce we have

−
∫
|z|=r

(z + c)a
d(za)
za

=
∫ 2π

0
rai

(
eiaθ +

∞∑
n=1

a(a− 1) · · · (a− n+ 1)
n!

(
c

r
)nei(a−n)θ

)
dθ

= rai(e2aπi − 1)
(
1 +

∞∑
n=1

a(a− 1) · · · (a− n+ 1)
n!

(ε/r)n

i(a− n)
)

= 2πic+O(|a− 1|), a→ 1.

Therefore
1

(2πi)ν

∫
T∞

:
∞∏

n=1

zn :
: d∞z :T∞

:
∏∞

n=1(zn − cn) :
=

∞∏
n=1

, if |cn| < µ
d/2
n . But

since this infinite product vanishes, we obtain

1
(2πi)ν

∫
T∞

:
∞∏

n=1

zn :
: dz∞z :T∞

:
∏∞

n=1(zn − cn) :
= 0, |cn| < µd/2

n . (44)

Therefore, behavior of :
∏∞

n=1 zn : with respect to the regularized Cauchy
kernel is similar to the behavior of the principal part of a Laurent series with
respect to the Cauchy kernel.

9 Fourier expansion of periodic functions on H�

Let H be a real Hilbert space. The free abelian group generated by µd/2
n en;

n = 1, 2, . . . , in H is denoted by Z
∞. Its closure in H� is denoted by Ẑ

∞.
As modules, we have

Ẑ
∞ = Z

∞ ⊕ Ze∞. (45)
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We set T
∞ = H/Z∞, T̂

∞ = H�/Ẑ∞. Then we get

T̂
∞ = T

∞ × S1, S1 = Re∞/Ze∞. (46)

We denote p1 and p∞, the projections from T̂
∞ to T

∞ and S1 = Re∞/Ze∞,
respectively. Then denoting C1

b (T̂∞), C1
b (T∞) and C1(S1), the spaces of

Fréchet differentiable C1-class functions on T̂
∞, T

∞ and on S1 = Re∞/Ze∞,
respectively, p∗1(C

1
b (T∞)) × p∗∞(C1(S1)) is dense in C1

b (T̂∞) by the C1-
topology.

By the definition of Z
∞, functions in C1

b (T∞) allows Fourier expansion
by the finite products of snm = sin(2nmµ

−d/2
n xn) and cnm = cos(2nmµ

−d/2
n ).

While, via the map ρ : H� ∼= Ĥ, functions in C1(S1) is expanssed by using
infinite products of snm and cnm . In the rest, we set

eI(x) =
∞∏

n=1

∗mn , I = (m1,∗,m2.∗, . . . ),

where ∗ is either of s or c. As remarked in §3, limn→∞ = m∞ should exists
and except finite numbers, ∗’s are s (or c). Then f ∈ C1

b (T̂∞) is expanssed
as

f(x) =
∑

I

cIeI(x),
∑

I

|cI |2 <∞.

We can take

D0,µd/2 = {
∞∑

n=1

xnen|0 ≤ xn ≤ µd/2
n }, (47)

0 = (0, 0, . . . ), µd/2 = (µd/2
1 , µ

d/2
2 , . . . ), as a fundamental domain of Ẑ

∞.
Then by Corollary of Theorem 1, we have∫

D
0,µd/2

eI(x)eJ (x) : d∞x := 0, I 
= I, (48)

∫
D

0,µd/2

eI(x)2 : d∞x := εI , (49)

εI =

{
1
2k (detG)d/2, ∗n 
= 1 except n ∈ {n1, . . . , nk},

1
2ν−k (detG)d/2, ∗n = 1 except n ∈ {n1, . . . , nk}.

(50)

Hence we have

Theorem 3. Let f be a function in C1
b (T̂∞), then

f(x) =
∑

I

1
εI

∫
D

0,µd/2

f(x)eI(x) : d∞x : eI(x). (51)
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Note We denote
∫
�̂∞

f(x) : d∞x : instead of
∫
D

0,µd/2

f(x) : d∞x :. Using

this notation, we have∫
�̂∞

f(x)2 : d∞x :=
∑

I

1
εI

(∫
�̂∞

f(x)eI(x) : d∞x :
)2
,

by (51). Therefore the inner product (f, g) =
∫
�̂∞

f(x)g(x) : d∞x : is posi-

tive definite. Hence we can define the Hilbert space L2(T̂∞), which is the

completion of C1
b (T̂∞) by the norm ‖f‖2 =

∫
�̂∞

|f(x)|2 : d∞x :. Its complete

ortho-normal basis is given by {eI(x)√
εI

|I = (m1,∗,m2,∗, . . . )}.

10 Periodic boundary value problem of regular-
ized Lapalcian

We have defined regularized Laplacian : � : in Introduction. But the dei-
nition of regularized Laplacian stated in Introduction is a little restricitive.
In this Section, we define regularized Laplacian by

: � : f = �(s)fs|s=0, fs(x)|s=0 = f(x), (52)

�(s) =
∞∑

n=1

µs
n

∂2

∂x2
n

. (53)

We treat its periodic boundary value problem

f(x)|xn=0 = f(x)|
xn=µ

d/2
n
,

∂f

∂xn
|xn=0 =

∂f

∂xn
|
xn=µ

d/2
n
, (54)

n = 1, 2, . . . , as an application of Fourier expansion of periodic functions on
H� with the period Ẑ

∞ in §9.
If an eigenfunction fs(x) of �(s) with respect to the boundary condition

(54) takes the form
∏∞

n=1 fn(xn), then we have

fn(xn) = An sin(2mnπµ
s−d/2
n xn) +Bn cos(2mnπµ

s−d/2
n xn).

As remarked in §3, if f(x) does not vanish on H�, then limn→∞mn = m∞
should be exist. Assume An = 0, Bn = 1, or An = 1, Bn = 0, except finite
factors, fs(x) is an infinite product of

sin(2m∞πµs−d/2
n xn), or cos(2m∞πµs−d/2

n xn).
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Then we have

�(s)fs(x) = −(m2
∞ζ(G, 2s− d) +

N∑
n=1

(m2
n −m2

∞)µ2s−d
n )fs(x).

By the definition of fs(x), f(x) = fs(x)|s=0 is an infinite product of

sin(2m∞πµ−d/2
n xn), or cos(2m∞πµ−d/2

n xn),

except finite factors. So they form complete orthogonal basis of L2(T̂∞),
and if ζ(G, s) is holomorphic at s = −d, then

: � : f(x) = −(m2
∞ζ(G,−d) +

N∑
n=1

(m2
n −m2

∞)µ−d
n )f(x). (55)

Hence we have

Theorem 4 If ζ(G, s) is holomorphic at s = −d, then the eigenvalues
of : � : with respect to the boundary condition (54) are

{−m2
∞ζ(G,−d) +

N∑
n=1

(m2
n −m2

∞)µ−d
n |m∞,mn ∈ N ∪ {0}

. Eigenfunctions belonging to this eigenvalues form complete orthogonal
basis of L2(T̂∞).

Note. If we consider same boundary value problem onH, eigenfunctions
belong to ζ(G,−d) vanishes. Hence eigenvalues and eigenfunctions all come
from finite dimensional Laplacian.

Introducing Clifford algebra with (∞ − p)-spinors, we can define Dirac
opertor D/ and its regularization : D/ : on H�. Then, if ζ(G, s) is holomorphic
at s = −d/2, eigenvalues of : D/ : with respect to the boundary condition
f |xn=0 = f |

xn=µ
d/2
n

, n = 1, 2, . . . are

{m∞ζ(G,−d/2) +
N∑

n=1

(mn −m∞)µ−d/2
n |m∞,mn ∈ Z}.

Note that ζ(G, s) is holomorphic at s = −d/2, if G is the Green operator of
an elliptic operator on an odd dimensional compact manifold.

� does not allow polar coordinate expression. But : � : allows the
following polar coordiante expression:

: � : =
∂2

∂r2
+
ν − 1
r

∂

∂r
+

1
r2

Λ[ν],

Λ[ν] =
∞∑

n=1

1
sin2 θ1 · · · sin2 θn−1

( ∂2

∂θ2
n

+ (ν − n− 1)
cos θn

sin θn

∂

∂θn

)
.
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We can regard Λ[ν] to be the (regularized) spherical Laplacian. If ν is an
integer, eigenvalues of Λ[ν] on Ŝ∞ are

ln(ln + ν − n− 2), ln ∈ N, l1 ≥ L2 ≥ . . . ≥ 0.

Eigenfunctions belonging to these eigenvalues are finite product of Gegen-
bauer polyomials and infinite product of∫ θn

0
sinn+1−ν−2l∞ θndθn, lim

n→∞ ln = l∞.

This latter eigenfunctions do not have finite dimensional analogy. But they
vanish on S∞. Hence on S∞, all eigenvalues and eigenfunctions of Λ[ν] come
from finite dimensional spherical Laplacian ([1],[17]).

11 Remarks on (∞− p)-forms

We can define :
∏

n/∈{i1,... ,ip} xn : by
∏

n/∈{i1,... ,ip} x
µs

n
n |s=0 and we have

:
∏

n/∈{i1,... ,ip}
xn :=

∂p

∂xi1 · · · ∂xip

:
∞∏

n=1

xn :=
1

xi1 · · · xip

:
∞∏

n=1

xn : . (56)

Similarly, we can define : d∞−{i1,... ,ip}x : as the regularized volume form on
(Rp

i1,... ,ip
)⊥ ⊕ Re∞ ⊂ H�. Here R

p
i1,... ,ip

means the subspace of H spanned
by ei1 , . . . , eip . If we regard : d∞−{i1,... ,ip}x : to be the (∞ − p)-form
Λn/∈{i1,... ,ip}dxn on H�, the commutation rule should be

dxi1 ∧ . . . ∧ dxip ∧ Λn/∈{i1,... ,ip}dx

= (−1)p(ν−p)Λn/∈{i1,... ,ip}dx ∧ dxi1 ∧ . . . ∧ dxip . (57)

This rule is well defined if ν is an integer. But not defined if ν is not an
integer, because (−1)p(ν−p) is not a real number, in general.

Since a p-form on U , an open set of W k, is a smooth map to ΛpW −k,
we can define an (∞ − p)-form to be a smooth map f : U → ΛpW k, by
the Sobolev duality. We regard f to be an alternative function form U to

p︷ ︸︸ ︷
W k ⊗ · · · ⊗W k.

Definition 5. Let d̂f be the Fréchet differential of f . Then we
define exterior differential df of f by

df(x;x1, . . . , xp−1) = (−1)p−1tr
(
d̂f(x;x1, . . . , xp−1, x)

)
. (58)

Here we regard d̂f(x;x1, . . . , xp−1, x) to be a map from U to the space of
linear operators of W k, with parameters x1, . . . , xp−1.
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We can not expect d̂f(x; , . . . , x) to be a map to the ideal of trace class
operators. For example, ω =

∑∞
n=1(−1)n−1xnd

∞−{n}x is not exteior differ-
entiable. In fact, an (∞ − p)-from is (global) exact if it is exterior differn-
tiable. As a consequence, d is not nilpotent on the sapce of (∞− p)-froms
([1]). Therefore, if we use above definition of exterior sifferential, we can not
obtain non-trivial de Rham theory having (∞− p)-th cohomology groups.

On the other hand, according to our previous regularization procedure,
regualrized exterior differential should be defined by

: d : f(x;x1, . . . , xp−1) = (−1)p−1tr(Gsd̂f(x;x1, . . . , xp−1, x)|s=0. (59)

For example, we have

: d : ω =
( ∞∑
n=1

µs
n

)
d∞x|s=0 = νd∞x.

Since Gk : W−k ∼= W k, we may consider Gk (and ΛpGk : ΛpW k ∼=
ΛpW−k) to be the Hodge ∗-operator. Then we have

∗−1 : d : ∗df =: � : f. (60)

At this stage, we do not know porperties of : d : such as validities of
Poincaré Lemma and nilpotency. So we can not construct de Rham theory
by using : d :.

But on T̂
∞, we can construct de Rham type cohomology with (∞− p)-

th degree eleemnts as follows: Differential forms dxi1 ∧ . . . ∧ dxip and :
d∞−{i1,... ,ip}x : (regarded to be Λ∞−{i1,... ,ip}x) on D0,µd/2 induce differential
forms on T̂

∞. If ν is an integer, by the commutation rule (57), we have an
algebra H∗,∗(T̂∞,R). The subalgebra consisted by finite degree elements of
this algebra is the cohomology algebra H∗(T̂∞,R) of T̂

∞. Moreover, this
algebra has the Poincaré duality by the pairing

(dxi1 ∧ . . . ∧ dxip ,Λ
∞−{i1,... ,ip}x) =

∫
D

0,µd/2

: d∞x : (= detG)d/2). (61)

H∗,∗(T̂∞,R) seems not a toplogical invariant. Its multiplicative structure
depends on mod.2 class of ν.

If ν is not an integer, we can not define H∗,∗(T̂∞,R). But to define
commutation relation of a p-form φp and an (∞− q)-form ψ∞−q by

φp ∧ ψ∞−q = ep(ν−q)πiψ∞−q ∧ φp, (62)
ψ∞−q ∧ φp = e−p(ν−q)πiφp ∧ ψ∞−q, (63)
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we can define H∗,∗(T̂∞,C). Note that these commutation relations are
closely related to that of noncommutative torus.

Note. H∗,∗(T̂∞,C) is isomorphic to the Grassmann algebra with (∞−
p)-th degree elements over C. By the commutation relations (62), (63), such
algebras are classified by the mod.2 classes of ν. We also note there is an
alternative selection of the commutation relation, e.g;

φp ∧ ψ∞−q = e−p(ν−q)πiψ∞−q ∧ φp.

This selection of the commutation relation corresponds to the change ν to
2− ν. Therefore we only need to consider commutaiton relations (62), (63).

We can also define H∗,∗(Ŝ∞,R) = H0(Ŝ∞,R)⊕H∞(Ŝ∞,R) without any
assumption on ν. The generator of H∞(Ŝ∞,R) is : d∞ω : and the pairing
of c ∈ H0(Ŝ∞,R) and ω ∈ H∞,R) is defined by

(c, ω) =
∫

Ŝ∞
ca : d∞ω :, ω = a : d∞ω : .

These examples suggest possibility of existence of de Rham type coho-
mology H∗,∗(M,C) of a Hilbert manifold M such that

H∗,∗(M,C) = H∗(M,C) ⊕ ∗(H∗(M,C)),

having Poincaré duality, whereH∗(M,C) is the complex coefficient de Rham
cohomology ofM and ∗ is the Hodge operator, if we can define weak topology
of M and M is compact by the weak topology.

Precisely, if M is compact by the weak topology, then it seems M has
a regularized volume : dV : and

∫
M : dV : is finite. Similar to finite di-

mensional case, Poincaré duality is given by using : dV :. Since regularized
volume fors on Ŝ∞ and T̂

∞ have singularities, : dV : may have singularites.
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