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1 Introduction

Classical mechanics:

o L € C®°(TM") Lagrange function; locally, L = L(q', ¢")
= Funtional £ on the space of paths {{ = ¢q(t)} in M :

L) = / Lig(t), 4(t))dt.

By calculus of variation, obtain the Euler-Lagrange equation

i OL B oL 0
dt \ 04’ oqt
Also, we have

e Symmetry of L. = Conservation law (1-st integrals)[Noether].




A similar arguement for the Legendre submanifolds in a contact manifold M
of dimension 2n + 1 .

e [Lagrangian n-form A
= Functional £ on the space of Legendrian submanifolds
= Euler-Lagrange differential system (Monge-Ampere differential system)

En={60,d0,V}, U : n-form.

What I will talk is a part of the discussion of
Exterior Differential Systems and Euler-Lagrange Prtial Differ-
ential Equations (by R.Bryant, P.Griffiths and D. Grossman).
University of Chicago Press,2003.(Book review Bull. of A.M.S. 2005 Vol.42)



2 Lagrangian forms on a contact manifold

Def 1 . Let M be a conatct manifold, dim M = 2n + 1, 6 contact 1-form.
(a) I : contact line bundle generate by 6, I = (6)
(b) Z : ideal generated by {6, df} in exterior algebra Q(M).

(¢) A Legendre submanafold is an n-dimensional integral manifold of Z, i.e.
Oy =0.

Examples
o JI(R™ R): 1-jets of funtions, 2n + 1 dim.

o G,(TR™1): set of n-dim oriented subspaces of tangent spaces.
( = sphere bundle over R*™1).



Lagrangian n-form

e (M, I) : contact manifold.
e A\ : n-form.

e N : Legendre submanifold.

Want consider the integral(functional)

Fy(N) = /N A

(W HAeZ FA(N)=0, (N : Legendrian) .
(2) If A — AN = d¢ and we fix the ON |

Lo

Thus, better to consider [A] as a class in Q"(M) modulo Z + dQ" 1.



To see A is closed in the differential complex (M) /T, we need

Lemma 1 .V symplectic vector space, © non-deg.bi-lin.form.

k
o N'F(V¥) oA A" (V*) is an isomorphism, (0 < k < n).
o OFFIA - A"F (V%) — A"™2(17%) gives a decomposition
n—=k n—k—2
AV Zkea@ Ay @ ©A N\ (V).
In particular, A" (V*) is in image(OA).

The elements in ker(©FA) are called primitive.

Apply the lemma for Q(M)/(#). Then, dA € Q"' (M)/(6) is in the image of
(dON) i.e. AN =0in Q(M)/Z. Our Lagrangian is an element
Al € H*(QM)/T)|




Poincaré-Cartan form

From the short exact sequence of complexes
0=>7Z—QM)—QM)/T — 0,
we have
s = Hip(M) — H"QM)/T) > H™NT) — - --

The P-C formis the (n+1)-form II representing §|A], which is uniquely defined
on the condition # ATl =0 (i.e. I =0, mod (0)).

By dA =0ANa+do AP =0A(a+dB)+d@ A B) the existence of II s.t.
6 A 11 = 0 is clear. Uniqueness of II is proved by using the Lemma.
Thus IT =60 A (o + df).
Also, since dA € Q"1 there exists 3 such that df A 8/ = A, mod (I = (6))
(Lemma). This 3 satisfies d(A — 8 A ') = 0, mod {0}. By the uniqueness,
M=dA—60Ap). Thus, wehave| [I=0A (a+dB)=dAN—0Ap)
The last 5’ is uniquely determined element (mod/) such that A —@ A 5’ is closed
(modT).




3 Variation of a Legendre submanifold

(a) (M, I); a contact manifold, I = ().

(b) (N,ON); C* compact n-dim. F' : N x [0,1] — M, l-para. family of
Legendre submfds: F*0|n. i = 0, Flanxjo1] = Flanx{o}-

(¢) [A] € H"(QUM)/T), T =d(A—60Ap): Poincaré-Cartan form.

d d d
—FA(F (N x {t :—/ AN=— F*A
dt M 1) dt Jp(nx{) dt Jnxin
d
_c A—OAB :/ LoF*(A—0AB
dt Jnxin ( ) Nx{ty O ( )

ONx{t} O
_ / F* (i, oTI) + / F*(ipa(A =0 A B))
Nx{t} Hon ON x{t} o



If F(N x {0}) is extremal(stationary)

d
0=— F*A|= :/ NI
dt Jnxin =0 PV oy o0
0

_ / L0 (0N T) = / o(Fap )0
F(Nx{0}) F(Nx{0})

Locally, 0 = dy—>"""_, z;dx’ and F(N x{0})is{x,0,0}. For arbitrary function

g(x), F(N x {t}) = (z,tg(x), 3 ) is Legendre and 0(F,2) = g(z).
Thus |F(N x {0}) is extremal Legendre mfd< W =0 on F(N x {0})|.

Sl

N = F(N x {0}) is an integral manifold of E.D.S., called Fuler-Lagrange
differential system

{6,d6, ¥} .

Def 2 . Generally, a Monge-Ampére differential system on (M, I)
is| £€=146,d0, U}, | where U is an n-form. (n > 2).

E-L differential system is a Monge-Ampére sytem. In E-L system, since II =
6 AW is closed dd AU = 0 (mod ), i.e. ¥ is primitive (mod @).




Classical M-A equation is a 2nd order diff. equation for z(z, y)
On J?(R? R), with coord. (z,v, 2,p,q,7,5,1t)

Ar4+2Bs+Ct+ D+ E(rt —s*) =0, A= A(x,y,2,p,q), ...
This is equiv. to a EDS on J'(R?,R)

{0 = dz — pdx — qdy,—d6 = dp N\ dz + dg N dy, U} (n =2)
U =Adp ANdy + B(dg N dy — dp N\ dx) — Cdq A dx + Ddx N dy + Edp N dq.

Inverse problem

When M-A system is an E-L system?
Theorem(B.G.G.) Let £ = {0,df, U} be a M-A system on M*"*! n > 2.

Assume VY is primitive. Then £ is locally equivalent to E-L system iff N
dONT) =N (O NT)

where ¢ satisfies dp =0 (mod 7).
(c.f. Theory of variational bi-complex)



4 Conservation Laws and Noether’s Theorem
Noether’s Theorem in classical mechanics

(equivariant moment map = constants of motion) [Hamiltonian mechanics]

Lagrangian formulation: vector field preserving Lagrangian function L :
TM — R = 1-st integrals of Euler-Lagrange eq.

X a vector field on M, X: prolongation to TM. Assume X preserves the

Lagrangian L. There is a canonical (1,1)-tensor ® on T'M, written locally as
a% ® dq'. Then

O(dL, X)

is a first integral. Locally, ®(dL, X) =S, gI;X ' (X =Y X "58%,,;).

Legendre transt. T'M — 1™ M is given by

oL

(¢',4") = ®(dL,-) = o7

—dq'.



In the present case(M,Ey = {0,dO, V}), symmetries are the the following
vector fields:

Gn) = {v e VIM)|L,I C I,L,[A]=0}.
Gn = {v € V(M)|L,TT = 0}.

Rem 1 Can be shown Gz C G and £,I C I for v € Gy, if A is nondegen.

i.e. Il =60 AV is not divisible by a 1-form other than 6.
1-st integral is replaced by (n — 1)-form

Def 3 The space of conservation laws for EDS &y is H" 1(Q(M)/En).

A conservation law is an (n — 1)-form which is closed on the integral manifolds.
As before, we have an exact sequence

o= Hip (M) S H'NQUM)/EN) 5 HY(Ex) — -+
Imd = H" YQ(M)/EN)/Im(2) is called space of proper conservation laws.



The following is a version of Noether’s Theorem.

Theorem 2 . (B.G.G.) Let (M, £4) be an E-L system, where A is non-degenerate.
Then there is an isomorphism

n: gn — Hn(gA)
which is given by v — n(v) = [¢,I1](interior product) and induces
1n(Gia)) = Imé ( = space of proper conservation laws).

¥ K KOk ¥ K K Ok X X
For v € Gypy, we have a conservation law |¢,]

oo HIENM) S H'HYQM)/EN) 2 HYEN) — -+
6] = )

consv.law prop.consv.law



A local formula for representaive ¢, is described using the data:
o [l =d(A—0APp), (P-C from)
o v € Gy ie L,A=dy, for some (n —1)-form v (mod Z).

Then by = —L,A + 0(v) 3 + | satisfies §[¢p,| = [do,] = 1,1

proof (1) do¢, is calculated to be ¢,I1, (mod Z). (a direct computaion).
(2) By LT =0, de, 1T+ 1,dm = 1,11 is a closed n-form.
Thus, d¢, — t,I1 € Z and closed in A" T .
But H™(Z) = 0. Indeed, if v» = 06 A o+ df A (3 is closed n-form in \" T ,
df N (o + dB) = 0(modI).
The linear algebra mod 6 implies « + df8 = O(mod ). This shows

Y=dONB)+ON(a+dB)=dONB) i.e.|p]=0.
For some ¢, d¢,, — 1,11 = de and |[d(¢,| = 1,7



5 Example : Minimal surfaces

Our contact manifold is

M> = {(z, H)|lz € E"', H C T,E"*" : oriented hyperplane}
= {(z, ey)leg , unit tnagent vector
1L H" unit t t vect

m: M? — E'L: tangent n-plane bundle (&2 G, (TE") &2 E"L x S™).

Given
N — E™" . immersed hypersurface

its lift to M is a Legendre submanifold:

N — M* gy = (y,e0(y)), (Legendrian lift).



contact form on M**!
At (x,eg) € M, the contact form 6 is defined (as usual)

9(3;’60) (’U) = <€0|T7T($jeo) (’U)>3 V€& T(Iaeo)M'

Using orthonormal frames (eg, e1, . . ., e,) and its dual coframe (W, w!, ..., wW"),
we have = w” and

n
df = Zm— Aw', ;1 1—form,
i=1

O N (dO)" 0.
As a Langrangian n-form on M, we take
A=w' A AW

This form at (x,e) € M is the volume form € of E"*! contracted by e
considered at (x, eg).
With these data, we have a fuctional on compact Legendrian submanifolds:

Fy(N) = /N A



Since we have dw' = WA W and T = WY
7=0" v

AN = =TI ANOANW A A" —wW Ao AON+---
=0 A (Zﬂ'@ /\w(i)> , W) = (—1)"5_1w1 LR /\u;z'/\ e AW
i=1
This is the P-C form (O ATl =0) and U =>"" m Aw:

En=1{0,d0, U = m Aw}.

1=1

On the extremal Legendrian submanifold df = Y7, m; A w' = 0 and by a
Cartan’s lemma T, = Zn: hijwj, (hZJ — hﬂ) Also

0—‘D|N—Z7TZ/\LU Zhwuﬂ/\w (th>w A -

1=1 1,7=1
Thus, N is minimal < >°" | h; = 0. ( h;; the second fundamental form of NV).



conservation law for translation

¢y = —tuA+0(v)B + 7|
(a) v: a translation vector field on E"*! prolonged to M .
(b) L,A = 0,( =5 =0), dA = T,(= 8 = 0).

Then conservation law for v is| ¢, = 1,A|, (A=w' A Awh).
Translation vector v is written on M is written as

v=A%y+---+ A'e,

where A? is changes so that v is constant as the frame (e, eq, ..., e,) moves
along the fiber.

At (x,e9) € M, 1,\ is

n
AleA---/\w”—AZwl/\d)2/\---Awn+---=2Aiw(i).
i=1



This form expressed as follows:

For M > (x, ep),

proj.
dr =egw’ + - + e, 0" = eqw + -+ - + e,w"

5 e1w(r) + « -+ + epwp) (x-operator w.r.t. w)

Then *dx is a vector valued (n — 1)-form and

(v, *dx) Z AZ

Thus, essentially xdx is the conservation law. d x dr = 0 on a minimal hyper-
surface means coordinate functions are harmonic.

For n = 2, especially, xdr = dy (locally) 3y : N — E? and the map
T +1iy 1 N — C3 satisfies Cauchy-Riemann eq.

BV



