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1.1

G : A Lie group, G = LieG: G ODOODO.
Ex.
G =GL(n,R)0 G = Mat(n,R).

e 00000 (x,V)O

T : G— End(V);
T(gg2)v = 7w(g)(w(g2)v), wle)v=Idv=v, =(g " )v=r(g) v



e (,V) 0O0OODO dual linear representation (7*,V*) :
™ G— End(V*), V*= Homg(V,R).

O
m(g) =m(g)",
00000<7*(g)f,v>=<f,r(g7lv>, feV,veV, 0000000
T (9192) = ™ (g1)7" (g2)-

e (10O Trace:
A, Be Mat,(R)yDODODO

(A, B) = Trace(AB) = ¥, ja;;b;i.
(.,.) O bilinear ,
non-degenerate (A,B) =0 VB,— A=0.
00000 trace O conjugation O 0 [
(9Ag™", 9By~ >= (A, B).

1.2

e JUUIODODO:
geGOOOGOOGEOOOOOO

A(g) : G>h — ghg™".

000 Ale) = e.
00 A(g) D ee GOOODO ( derivation ):

Ad(g) = (A(g)*)e . g == TeG — TeG = g

e Adjoint 0 OO
G339 — (Ad(g): G — G).

Ex.
G U matrix group( 00000000 GL(n,R) 00000000

Ad(g)X = gXg ', VX €q.

e Coadjoint 0000000000000 KOOOOO
K(g) = Ad*(g) = (Ad(g™"))" € End(g").
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K() 0 00000 (00000K(X), X €@, O

<K (X)F)Y >=< F,—ad(X)Y >=< F|[Y,X]| >, FegG, X Yeqg.

e Feg'OOOOO
Br(X,Y)=<F,[X,Y]>, X,Y€Gg,

0ooQ
Br000000000000 :0 By € A2G*0
ker Br = {X € G| Bp(X,Y) =0, VY € G}
0ooQ
coadjoint 00 0000000000000 O000O

Stab(F)={ge€ G: K(9)F = F},

stab(F) ={X € G: K.(X)F =0}.

gooooo
e ker Bp = stab (F).

Bp(X,Y) =< F,[X,Y] >=< F,ad(X)Y >= — < K, (X)F,Y > .

0ooooo
e ¢eAG*00ge@GOOOOO(1)0ODOO

(K(9))(X,Y) = p(Ad(g™") X, Ad(g")Y)
0000000000

(K(9)Bp)(X,Y) = Bp(Ad(g~") X, Ad(g~")Y).

(2)

HEERE

(K(9)Br)(X.Y) = < F[Adlg™)X, Ad(g™")Y] >=< F.Ad(g")[X,Y] >
< K(g)F,[X,Y] >= Bggr(X,Y)

oooond

e BpOStab(F)DDODOOOO

0o
OD0O000Og e Stab(F) 00
F

(K(g9)Brp)(X,Y) =< K(9)F, [X,Y] >=< F, [X.Y] >= Bp(X,Y).



1.3 coadjoint orbit I 0 symplectic [ [
G* 00 G O coadjoint action K(g), g € G, 0000 coadjoint orbit 00 00O

QF=F e g 000 coadjoint orbit = {K(g)F; g € G} C G*.
Op0g-F=K(@FOODOOOD

e coadjoint orbit space Qp = {K(g)F : ¢ € G} O fiber bundle

G Qp ~ G/Stab(F), pr(g) = K(g9)F

0 — T.Stab(F) = stab(F) — T.G = G % Tp0 — 0.

TrQ ~ G/stab(F).
U

OO0 1 coadjoint orbit Q=Qp 00000000 o O

0000000 e, 0 GLOOUOOO0O00OODODOODODODODODODO (Q,0q) O
symplectic space O 0O 0O 0O

X, X'egO000K.(X)F=K,(X)FOOODOOO (2)00 Bp(X,Y) =
Bp(X,)Y),VY € G. 000000 0o 0 GO well defined 000 000X €
stab(F) 00 X € ker Bp 00 0 O Qp 00 well definedO

BO00000000 0 QeO00000DO0ODOODOODO

co 0 GOODO

O00geGOo 000000 3) 000000

(K(9)o0)r (K.(X)F,K.(Y)F) = (0q)p (K.(Ad(g"'X)F, K.(Ad(g"'Y)F)
= Bp(Ad(g™'X),Ad(g'Y)) = (K(9)Brp)(X,Y)
Brr(X,Y) = (00)rgr (K(X)F, K.(Y)F).

000 (9" 0a)r = (00)k@gr-
D000 0 Q00 GOOODOODOODOOOO
kerBp = stab(F), 00 oo OO0 O0ODODO
doo=000000G0O0O0O0O0 FeQUOOOOOOooooo
&, CeTpQO0O000

§(F) = K.(X)F, n(F) = K.(Y), {(F) = K.(Z)



gooob

do(&,m,¢) = &£a(n,¢)+n0(¢,€) +Co(&,n)
— o(l&nl,¢) —a(ln, ¢l &) —a(l¢, €], m)

0o
o, Q) =<FE[Y,Z] >, §o(n, () =< K.(X)F,[y,z] >= - < F, [X,[Y, Z]] >,
K,:G—End(¢)0000000000

[ n] = —K.([X,Y])F.

OO00O000n0 Jacobi DODOOODO do =0.

1.4

o [0 Maurer-Cartan form.
g€ G OO0 left translation O

Ly: G3h— Lyh=gheG.

goodd
(Lg)*’h . ThG — TghG
godd
ggd
0y = (Ly-1)sg : T,G — T.G=G (5)
goooooo
XelT,G—0,X)eg
OGoO0gOoO0OoOo0oooooooD eoonoboOoOD
0. = (L.).. = 1dg 0O DO
GDDMaurerCartcm]form 00,GO000000000 6.(X) =X,
Xeg, UDOOODOOoOooDog
GO matrices 000000000000 ¢ 000000
99(X>:9_1X
gooooooo
0 =g tdg

ooooooOooo
pOO000O0O00O00O0OO
oo
(L), T:,G — TG,

g’~ag

< (La)yF, X >=<F, (Lo)sgX >, FeT,G XeT,G.



O000000ooooooo0,XeT,¢GOoOOO

(La)g g (X) = bag ((La)sgX) = (Liag)=1)r.ag (La)s,gX
= (Lg‘l)*,g (La—l)*,ag (La)*,gX = (Lg—l)*,gX = QQ(X)

e Or 00 closed 2-form e 00000000 GOO G OO0 closed 2-form
O (pp)*ce 000000

((pr)*o)e=Br O0ODOO

GODOO0OOO0OO (pp)fco 0 GO0 exact form D00 00GOOOOOOO
gobbbooodgbbbooadd

f O Maurer-Cartan form , Fe G* 000 GOO RODOOOO
Op = — < F,0 >,
(Op)g(X)=—<F, 0,(X)> XeT,G,geCG
goooo

(pr)*o = dbp (6)
O0000X,Y O GO0 left-invariant vector fields 00O O 0O O

d9p(X,Y) = XO0p(Y) = Y0p(X)—0p([X,Y]) = —0p([X,Y]) =< F, 0(|X,Y]) >
= < F, [X(e),Y(e)] >=Br(X(e),Y(e)) = (pr)"(0)(X,Y).

1.5 G* O symplectic leaves [I coadjoint orbits [ [ [J

e Poisson manifolds.
(P, {, } )0 Poisson manifold <=

1. (C>(P), {, }): Lie algebra.
2. (C>*(P), {, }): Differential algebra.

Ex.
Symplectic manifold 0 Poisson manifold.

{f,¢}0 f,¢00000(0000)0000000000. 00000
gobodoooooooooooooodo
o (P, ¢)0O Poisson manifold <=
Je : a bivector fields on P such that  [¢, ¢|schatten = 0.

0000000000
{f,9}(2) = c.(df(2), dg(2)), f,g€C™(P).

6



c € D(N\* T*P = A\, TP), bivector field, 0 O smooth contravariant anti-
symmetric 2-tensor field DO 0 O0O00O0OO0OO

C—E c”
83:9

{a, 27} = di(a) = = (@), {f.9} =3 cI0.f dyg.
,J

00 [+, ]schatten O Schatten bracket O contravariant anti-symmetric ten-
sor field0 000 00O Jacobi bracket 00O .
Ex.

Symplectic manifold (M,w) O, ¢ =w™ 000 Poisson manifold(M,c) O
gon.

Ex. N

Lie algebra G 0000000 ¢/: 000000 T, Ty, ,T,, 0000

T, T;) =32, &/TF 0000 00 bivector field
C_Z Zcszk )0i N\ O,

000 (G,¢) O Poisson manifold 0000000 X0 ¢gOO0OO0O00OO
f,geC>(¢) 0000

{f.g} =X (D a/X")afo.
i,j k

U
G=s03)~R?: 000

0 —x3 x9 T1
s03)> [ z3 0 —x1)e—x=|x2]| R’
—XT9 T 0 xIs3

1, {i,j,k}000000

ooon CZ]—G;CJZ
1, {i,j,k}000000

U
{f, 9} (x) =x-(Vf xVyg).
0.
Lie algebra G 0 0 O O dual of a Lie algebra G* [0 Poisson manifold 0 O 00 O
ogoooo

e VO vector space, X, X?,-.-  X™ 00000000 O bivector field
SY(S RN, @

ggbobobuoooobobooodgn



1. (P, ¢) O Poisson algebra'

(Y, &/ XF=-3,¢'X*00000000000Jacobi identity 0O 0
oo Schattenbracket 0, 000onooobbobbO

2.6=V*0¢/0000000000000000

proof
(V, {-, -} O Poisson manifold O O f,

000 C(V)DDDD{f,g}D
V 00 linear function 000 {f,g} € V*
gad
U

g e
ooov:o{.,-}00000
0000 {- -} O Lie bracket 0 O O V*0O (C=(V), {--}) O Lie
subalgebra. 0000 X, k=1,2,---, X—>XkDDDV*DDDD
00 {X,X;}=Y,¢7X,00 ¢’ 0G=v*"000000

ooog=v*O CZJDDDDDDDDDDDDDDDD Voo,o0o00
0 V OO linear function O 0 0 0 O Jacobi Identity O O

{l17 l2} + {l27 l3} + {l37 ll} — 0

000000000 C*0000000 {f,¢}0 f, ¢ 000000 linear part)
000000000000 {f,¢}+{gh}+{hfl=0000000000
(V, {-, -} O Poisson algebra.

e (P, {-, -}); Poisson manifold 0 0 OO

go
00
V>

C*(P)>H —{:, H}
DDD(LeibnitzDDDDDDDDDDDDPDDDDDDDXHDDD
XyF = {F, H), VF. (7)

XgOOoOoooOooooobooooo
C>(V), {- -} 3 H— Xy € Vect(P) O Lie algebra anti-homomorphism:

Xigx) = —[Xu, Xkl (8)
Poisson manifold 0 0O O 2z, 2o 0 0 0O symplectic leaf 000 00O O
21, 0 2 000 P OO piecewise smooth curve y =~(¢) 000000 4 O

Hamilton vector field OO O O0OO0OO0OO0OO0O
OO000DoOobobOobzepPOOOOODOODO
e > 000 symplectic leaf ¥, 00 0O
00000 Poisson manifold O symplectic leaves O disjoint sum O O 00O
Oleaf X O POODOOODOODOO symplectic 00O

(Wﬁ)z(XFlzaXGlz) = {Fv G}<Z>

000000000D F,GO XO0000ooobOo0ooooD cxoo0o
00000 8 UUUioopoooo0oUoooooooooUoOoooDoooDo
O0Frobenius DO OOOO0O0O



00 2 Poisson manifold (G*, {, }) O symplectic leaves 00 0 G* O coadjoint
orbits O 0 0O 0O bijective 1O DO DOOOO

proof
0000 symplecticleaf 0O O OODOO

O O symplectic 0 O O Poisson O O 0O leaf O
00 (G5 {,})0 Poisson 00 OOOOODO

00000 0leaf
Doooo(7)
00

oo
oUo
oU o
oo
oo
oUW o
oo
|:||:|

ooooooooooooouw=1,2,---,0(GO0O0000000O
000 symplecticleaf Ly 00000, X OOOOOODOOOOO
oood
TxLx = Linearspan{z chXk O, j=1,2,---}
ik
00
< K.(0)X, 0; >=< X, [9;,0] Zc;ij

000 K(0)X =3, ¢/X"0;,, 000

TxLx = Linearspan{K,(0;,)X; i=1,2,--- n}
- TXQX-

00000 X 000 symplectic leaf O coadjoint orbit 00D O0O0O0O0OOO
O00000D0OD Lx O QxOOOOOO



2 coadjoint orbit C 0000000 G space TG

21 TG

e [ODDOODDOODOODOfF:V —WOOODLDOODOODOO
O (dual map)

O
< f'b,v >=< b, fv >

ogoooood
e R,:G>h— hgeG; 0000 00000

(Rg)*h : ThG e Tth,

ERERN
(Bg-1)sg : T,G — G.

(Ry-1)+g O dual map O
(Rg1)y G — T,;G.
< (Rg1),F, E >=< F, (Rg-1).g= >, = e T,G.
e cotangent bundle 7*G 00 OO ( trivialization ):
0000 7T°G— Gx G0
(Ry): : T;G — G~

gboboboogoobbbooon
FegrOOO

(Rg): : T;G 35 (Rgﬂ);F — (Rg)* (Rg_l)ZF: Fegr

e

goboobod
googoo Fg’l:(Rgfl);FDDDDGDDDDDDDDDDDDDDD

"G —GOgeGOOfiber T;G OO0 Fg!, Feg, 000000
000o00o000O0oooon

T°G > (9, Fg') — (g9, F) € Gx G
o000

e 000 T(T*G)ODOODOOOOO
"G ~Gx g 00,Fg'00T*GOo0O0OO0O0

Tpy(T°G) ~ T,G & G ~ GHG".
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0ooQ
T(T*G) ~ T*G x (G&G) =~ (GxG)x (G&G") (9)
T(T*G) 3 (9, Fg™", (R« X ®F'g™") — (¢, F,X ©®F) e (GxG)x(GaG).

e 000 cotangent bundle 7*M - M 00 000000000000
000000000

T.(T"M)>v, acT: M

To(T*M) =5 TooM
T..,MO0000vOa(rny) 00000000000 T*M
000

0,(v) = a(mwv).
000 cotangent bundle 7*G DO 0000 T*G OO canonical 1-form
Opg1(v) =< Fg™', (Ry)«eX >
O00oooooo
v(g) = (Ry)weX ® F'g7') € Tp,1(T*G), VX €G, F €G".

DDDDDDD(%DDDV:(X@ F)00000000000000 (v
O right invariant vector field.) 00 0O OO

< (Rg1) B, (Ry)we X >=< F, (Rg-1)sg (Ryg)seX >=< F, X >
000 canonical I-form 6 O, Vv = (X & F')e (G g )OOOO
Opg-1(v) =< F, X > (10)

ogoooood
e o0=4d¢ 0 T*G OO canonical symplectic form 0O 0 OO

00000000 right invariant vector fields v;, ¢ = 1,2, 00 00O
do(vy, vo) = v10(vy) — va(O(vy) — 0([vy, va]).

The canoniccal symplectic form on T*G O trivialization T*G ~ G x G*

a3
OO0 GxgrO0OoobOoooooooooobooo

o, r) (X1 @ Fi, Xo @ )
=<F,Xo> - <F, X;>—-<F [X,Xy >, (11)
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Proof
000000000 right invariant vector field v; O (e,0) € G x G* [
initial value
vi(e,0) = X; & F;

000000(g,Fg ) eT"GO0 00000000000 (¢,0) 0000
0000 ¢aG* 000000000 Lie algebra Ty o) (T*G) = G&G* 000
00000000000 0000000000000000000

[vi, va((e.0)) = ([X1, Xo], Ku(X1)Fy — K. (X2)FY)
0O00O0 (10000

VlQ(VQ) ((gag_lF)) - Vl( < F? Xy >)
1
= tlim0¥(<F+tF1,X2>—<F,X2>):<F1,X2>.

goadg
vol(vi) ((9, F)) =< F2, X1 > .

00
e(ng)( [V17V2]> =< F, [XlaXQ] >

gboobgobgobbobbobooboobod

2.2 Lie group T*G O Lie algebrag & G*

T"GUDODO0T'G~GxGg 0000000 LIe00ODO0ODOODOOOOLie
0 G O vector space G* 0000 K : G — End(G*) 00O abelian extension
goooon

Gxg'oooooooooo

(91, F1) - (92, ) = (192, K(95 ") F1 + F3). (12)
000000 GExg-oo0oooooo
(9. F)"' = (97", —K(9)F).
G39g— (9,00 € GxG"
G — (e,F) G X G

0000 G,groonooooon
T*G > Fg~' O (9.0) - (e, F) = (g,
0000 (Dooooooooood
o Lie(GxG"O
v(t) CGx GO

70)= (X, F)egag’,  ~(0)=(e0)

FyeGxgrOoOoOoooooooooo
gg
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00000 y(t) = (X, tF) 00000

(X, F), (Y,G)]geg- = %h:o%ls:o(esx,sF)(etY,tY)(eSX,sF)1(ety,tG)1
= ([X, Y], %|SOK(68X)G— %ho K(etY)F) = ([X,Y], K.(X)G — K.(Y)F)

2.3 Symplectic reduction

e [IOOMDOLeOGUOOOOODOOO €€ @ = LieG OO0 infinites-
imal generator [0 O

d
Sur(m) = - lizo (expt& ) m
OO0 MOOOOODODO ¢, U0Db0bOooo
G3&— &y € Vect(M) O Lie algebra anti-homomorphism 00 O O

(& nDar = — [&nrs Mt |-

symplectic 0 00 (M,w) O Lie 0 G O symplectic 000000000
ogooo
Jw=w, Vgeaq.

gogbooood

00 feC*M)0D0D00000D0D00D000 Xy; (Kirillov text O O
symplectic gradient s; grad f )0 00O

wm(” Xf) = dfm<)
W+ sgrad f) = dfn(-) (13)
doooooood szsgradeDDDDDD

€ € G 0000 infinitesimal generator &y, O, 00 j¢ € C®(M) 00O
gooooooood

O
O oodoogoono

ogoo,doo f—>j5€C°°(M)DLiealg. homo. OO OOOOOOOO
j[f,n]: {jf’jn}

oo
G

goo

U 0]
O0(Mw)OOODOOODODOOOOOOODOOODOOOOO

{f: 97 = w(Xy, Xy) = Xo(f)
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O Poisson bracket 0 O 0O O
ooooon

J:M>m — (£ —%(m)) € g (14)

O G O symplectic OO0 moment map OO OO

0. G = O(3) 0 symplectic manifold (M = T*R?> ~ RS, w = dp; A dg;)
O symplectic 00 O000.0000 moment map OO0 OO

0 -1 0
E3:<1 0 o>e()(3):g.

0O 0 O
cost —sint 0 O 0 0
sint cost O O 0 0
q\ 0 0 1 0 0 0 q
exptEg-(p I ) 0 0 cost —sint 0] \p)-
0 0 0 sint cost O
0 0 0 0 0 1
good
d 0 0
(Es)m 7 CXPLE; Q2aq1+QIaq2 p28p1+p18p2
0000000000000 0o0o0o0oo0oo0oo0o000 canonical 1-form 6 O
gooooogogod
O((Es)m) = —p1ge + p2q1 = Ms.
RN

w(+, (B3)ar) = (dO)(-, (E3)m ) = d(—p1ga + pa1)-

Ei, B, O infinitesimal 0 000000000, 00
¢=S¢E,eGO00000 0

jé = Z CZMZ

M, ¢ D1
M=[(M]={q¢]x|p
M; q3 3

gboobuooobbbuoooobon

J(¢,p) = (£= > B — ZcM)

000000000000 (=00000000 moment map)

goo

J = <M17M27M3) =M

14



gboboooodn

e moment map

J: M — G*
o000 FegcrO0QO0oooonQ J‘l(F)CMDDGDsymplecticDDDD
O000o0ooooo free0n0ononO

JYF)/G

0000000 symplecticO 00 induce 00000 JYF)/GO GO MO
000000 symplectic reduction 0 0O O 0O

2.4 coadjoint orbit [1 7*G 0 symplectic reduction

TGOhOoGO0000O0000oobo0oboobobooobooboboboooooDo
O00000D0O0O0O symplectic reduction U coadjoint orbit DO OO OO O OO
oooooo

"G ~G x G*
obooooo
. ggbobbuoooobbooodn
fegbUObOGUOOOOODODODO
d

£0l9) = Slimolg expt) = (L)€

O000000000000000: &(e) =¢.
gogobobooggobobodo
OO0 GoOOooooogoogon

d

Er(g) = (expt€ - g) = (Ry).&

a7=0
O0000000000000000: &gre) =&
0 Maurer-Cartan form 6, = (Ly-1)., 0000

0,(60(9)) =&, 05(Er(9)) = Adg&.
e T"G>GxG 000000

gobbboooobbbuoooooboooobbbuoooobbooo
goboboodan

0000 (GxG)x T°G— TG [

Ixo)i> w0000

trivialization T*G
0000 (GxG)x(GxG")— GxG"

gboooogd.
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000
(g1, 92) - (h, F) = (g1hgy ", K(g2)F)

ggooobod
gogoboobooogd

g-(h, F) = (gh, F)

oooo
(h,F)-g=(hg ", K(g)F).

o T*G ~(G xG* OO infinitesimal left shift 00 0O OOOO0O
(eg0D0OO0ODOO0ODbgGgeeGg ODODOODOODOOMM

d d
TG((g7F>> = Eh:o(exp tg? 6)(97F): %’tZO(eXptg.% F)

= (¢r(9), 0).

000000 (Ry1)uy : T,G — G OO0 £x(9)f = (Ry)uyl € T,G O
(Ry1)sg (R, =€ 000000000000

fR*G< (97 F)) = (f? 0)

e TG ~(G xG* 00O infinitesimal right shift 00 0000000
EegooonO

d
(0. F) = a0 F)- exp 1€ = Tluq(g-exp(—16), K(expe)F)
= (—&lg), KAOF).
OD00000 (Ry1)sy: T,G— G OO0 —£0(9)6 = — (Ly)uyé € T,G O
— (Ry-1)ug (Ly)ugé = Ad,~£0D000000DODOO0O
L (9. F)) = (Adgg, K.(§F).

Gooooooobooooboboobooooogoo

e0000000000000: Ja((g,F))=F

DDDDDDDDD<ng F),£>=<F¢>£€G,0000000
00000 (000Geg 0 & 00000) (6,0 000000000
000

<F¢>00000GO0000000000¢G* 000000000

(d <F§>)en(Xi®F) = <-,£>0FO0000 /ROOOO - <F, Lx,§>
= <F1,€> — <F, [Xl,g] >
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O'(g7F)(X1@F17§@O)) =<F,{>— <F [X1,¢& >
oodoooooooooogn:
(d < F,§>)gr) =0@gn(,{®0))
U0 < FéE>000000000000 &k.
e0000000000000: Ji((g,F)) = K(9)F.

000000000< Ji((g,F)), E >=<K(g)F,¢ >, €6, 000000
000000 0000000000009 ((g,F)) = (Ady1&, K,(6)F)
0oooo

U(g7F)<X1€BF1, Adg—lf@K*(g)F>> =< Fl, Adg—1£ > — < K*(g)F, X1 > — < F, [Xl, Adg—lg] >
0O
d < K(g)F, £ > r) (Xai®F) =< K(9)F1,§ > + < K.(X0)F,{ > + < F, [Ad;-§, X4] >

0000000000000000 < K(9)F, € >,mn0g¢000000
00000,K(9)0g¢0000 X, 0000 <K (X)F,¢>0000),00
00 < K(9)F, ¢ > (-, F)0 X, 0000

tli_n}o % (< K(g)F, &> (9+tX1, F)— < K(9)F,§£ > (9, F)) = Lx,(< F, Ady—& >) =< F,[Ad,~1§, Xq] >

goooooboo oooobbbbd
0000< K(9)F,¢é >=< F,Ad,«¢>000000
O0000< Ku(§F, X1 >=<F,[X1,{] >=— < K.(X1)F, £ >.
goggg
d <

K(9)F, £ >gr) (X1 © F1) = 0(,r)(X1 © F1, Adg—1£ @ KL (§)F)),
004 GxGEUOT*OO0O0O0OOOODOODOODOOOOO
J:GxG > (g,F)— {GogG> ((dn) —< F >+ < K(g9)F,n>} g
0000000 GoOO00000 7T°G O symplectic reduction 0 0 0O 0O
Oo0Doooo
1. GO T*GO0D00D0DOODO symplectic reduction :
J((¢g,F)=FO0O0 JYF)=Gx{F}eGxg 00O
“Y(F)/Stab(F) = G x {F}/Stab(F) = G/Stab(F) ~ Q.
2.GOT*GO0O0OD0O0D0OODO symplectic reduction:
J((9,F)) = K(g)F O O
J ) ={(9,F) € GxG*; K(9)F € Qp} = G x Q.

000000 (f,Fg=(fg",K(¢)F)0DOODOO Stab(F) = Gx{F} ~
G.000
“HF)/Stab(F) = G x Qp/G ~ Qp.

0000000 symplectic reduction 0 F O OO coadjoint orbit O O O O
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3 Pre-quantization

3.1 JUoouoood

0000000000000 ooo
O00O00O00o0oOooog
o [0

G O simply connected Lie group OO0 OO0 O0O0O0O0OOO0OOOO
1. QC g 0000 (integral )00 O0O0QO0000 2-cycleC OOO0O

/OEZ.
c

2. 3 a G-equivariant hermitian line bundle with connection;
(L, V)

such that
Fy = 2mio,
FeOVOODOO

3. 0 FeQUOOO connnected Lie group Stab®(F) O O 0O O unitary O
0y '
X( exp X) — e27rz<F,X>

gbooobgoboobo

QO0lnebundle LOOOOOOOOU,0L0U0U, 000000000
non-vanishing section s, D0 000 O cap = s5(se) "+ O cocycle condition

CaBCB~Cra = 1 (15)

00 ¢1(L) = [cap) € H(Q,C*) OO OO (1% Chern class of L). L
section s [,

0O
0o

fa=cgafa, onlU,NUs

0000 cochain {f,}a € C*({U,},C) 000 s|U, = fase O0O0O0O0O0O0
exp —exact [

0—2miZ — Cq —2 Cf, — 0

00 HY(Q,CY) ~ HXQ,2riZ) 0000000 (L) 000 2miZ O Cech
cocycle 0 (0 (15)00)000000000
loge,p O Uy,p OO OOOO
Capry =108 Cop +1l0g cgy +10g o € Z*({Us}a, 2mi Z)
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D000O0c(L) = [capy) € H*(Q,2miZ). OO
line bundles O isomorphism class [0 O O Chern [0
bijective D0 OO0 OO0O0OO0OOOO

0000 complex line bundle ( over a paracompact space ) O hermitian
metric 0000000000000 HYM,C*) ~HY M, U(1)).

L 00 connection VOO {U,}, 00 10000000

O Q00 C* complex
0 e

0
0 H*(Q,2riZ) 00

/
V|Ua Sa — ‘9047

oDoooo
0, =0, + ¢, pdcag

O000000000000000 10000000 {0}, 000
Vslu, = VIu,O fasa) = dfa @ s + foll, @54
U000 L OO connection V OO UOOUOODO connection O curvature O
© = déb,
O000Q0O0global DOODODOOO O €T(Q, A2T*Q).
d©® =0 Bianchi.

000 L O hermitian metric 0 O O O non-vanishing section s, O (84, So) = 1
O normalize O O O connection O hermitian metric 0 compatible;

d(s,s) = (s,Vs) + (Vs, s),

oooooo0e,=-0, 00006, 000000000000000000
opoooooo e, 0000 6, =27i6,0 L O connection0 00000000
[©=2midd,) € H*(Q,2mR) 000000000000

De Rham cohomology [0 Cech cohomology 0 0O O 0O O

H%R(Qac)gHg’ech({Ua}7 C)
00000[e] e HX(Q,C) 00000 Cech-cocycle O
o=dj,
05 — 0, = dlog ca,
Capy = 10g cap +1og cgy +log cyq

O00000000O0¢,30 linebundle 0000000000000)

[capa] € Heeen({Ua}, C).

000000 cqp O line bundle 00O O
[capy] € H*(Q,2miZ) OOD. OO0
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H2(Q,2miZ) — H2(Q,C) 0 image 000000000000, [0] € HA(Q, 2miZ)
U

©=Fy=2ric 000000000 [o] € H*(Q,Z2) 0000 ¢ 0000
good

00 [o] € HX(Q,C) 000000000 H2(Q, Z) — H(Q,C) O image
000000000 Cech cycle D000 [cag,] € HX(Q, 27 Z). OO
cop O cocycle condition (15) OO0 OO a complex line bundle 0 O O
DU0O000 (1)« (2)0(000000000000000000

(3) <= (1)
F) 00000 connected component O Stab®(F) DO0DOO0DO A
U

tabl®(F),Stal®(F)] 00000g=expX € A, X € stab(F), 00

19

ASexpX — 2<EX> c (1) (16)

well defined 0000000 stab(F) = kerBp, Bp(X,Y) = ,[X, Y] >,
00000, exp[X,Y] € [Stab®(F), Stal®(F)], X,Y € stab(F ), ooo

X(exp [X Y]) 27rz<F[X Y]>

=1.
DDDDXDDDDDDDU()DDDDDDDDDDDDDDDDDD
ADDCOOOODA~TExROO0,k0000 A = ex ()ch
CFX>00000000000XcADO00[,X]C stob(F) D
00 Stab(F) O

000 (90=61=e¢)
006, =< F.6> 0

D000 y=(g=exptX) 0000~ 0 Stat®(F) OO
00000 G O Maurer-Cartan form 6 = g~ 'dg 0 00O
GUOOoooooooo

p*FU:dQF,
0000pr: G— Q00000 (1.4)0

1
/GF:/<F,8>:/ < F,0,,(g:) > dt
v ¥ 0

0, () =X0O0O0
1
:/ <F,X>dt=<F, X >.
0

~yOOOO AOOOODOO

1(G) — m(Stab(F)) — ma(Q) — m(G) =0

Il
3

ud
v € m(Stab(F)) — pp(A) € m(Q)

/GF:/dH:/ cez
v A pr(A)

D00kOOOOA=exp(e)cTFOD0 <F,X>00000000

O0000ooo]
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3.2 Polarization

Symplectic 00 0O (M,o0) O real Polarization 00 000000000000
O PCTM OO0 fiber P,, O symplectic space T, M [ 0 maximally isotropic
subspace 000000 (0,(X,Y)=0,VX,Y € P,) 000000000000

P : integrable <= M O leaves O disjoint union ( foliation ) O, 00O
meMOODODODODODODODODODODOO mOOOleaf 000000 P(m) OO
oood

Vectp(M):=¥m e M 0000 X(m) € P, 0000000000

Qp(M):= w(&, - &) =0, €Vectp(M),i=1,2,--- k000 1-form
oo

goad.

Frobenius Integrability Criterion.
1. PCTMOOOOO
2. Vectp(M) O Vect(M) O Lie subalgebra.
3. Qp(M) O Q(M) O differential ideal:
AP NWF(&p, - &) =0, €€ Vectp(M),
a€QP(M), we QL(M)}.

4. 0000000 M — B, B = {theleaves = Lagrangean submanifolds
of M }.

O (M) = {f € C=(M) : £ f = 0 & Vectp(M)}.
e PCM;idmM=dmP 00000000
P; Polarization <= C% (M) : maximal abelian subalgebra of (C*°(M),{, }).
000000 feC¥(M) 0000 df € Qp(M). 00000
om(sgrad f,Y) =df(m)(Y) =0, VY € Vectp(M).

0000 sgrad f O o-orthogonal to P. P O polarization O o-orthogonal to
PO0D0OODOOODOO maximal 000 sgrad f € P. 000

{f1, fo} = a(sgrad fi, sgrad f>) = (s grad f1)(f2) = 0.

C¥ (M) O abelian subalgebra of C*°(M).

000 (sgrad f)g =0,Vg € C¥(M) 0000 maximality 0 O s grad f(m) €
Pm)O0O0O Vg O000O0Osgradg(f) =0 (f O fiber 0000 constant. O
feCx(M). 0000 Cp(M) O maximal abelian subalgebra.

00000 {sgrad f; f € C¥(M)} O TM O isotropic subspace 0 0 0O O
goooobn

e subalgebra H C G 0O admissible real algebraic polarization of F' € G*
oo
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1. F|[H,H]:O'
2 Ha X —w< FX>0OHOOUOOODO.
3. codimgH = %rankBF. 0000 H O maximal 0 dimH = %(dimg +

rankG).
4. HO Stab(F) 00O OO0
X € stab(F) 00 0 =< K,(X),Y >=< F,[Y,X] > 00 stab(F) O H O
Lie subalgebara. 00 000 Stab’(F) > g O coadjoint actionK(g) o000 H
0000000000000 000000HODOO Steb(F)0OOODOO

oooo

real G-invariant polarizations always exist for nilpotent and completely
solvable Lie algebras. 0000000000 G=SU(2) 00 su(2) 0000
subalgebra [0 00 0 O O polarization O O 0O O

G2 ooouoo¢¥s-.QUoon

00 5 G invariant real polarization: P C TQ 0000
admissible real algebraic polarization: H = (pr),;(Pr) 00O
00 bijectine DO OO OODOO

00 6 M=G/KOOODODODOOOO

1. G-invariant subbundles P C TM 00O
K —invariant subspaces H O Lie(K)CHCGgOOOOOO
00 bygectweO DO DOOOOO

P : integrable <= H : subalgebra.

(a)
G-invariant subbundle P C TM 000000000 0OOPOOOOOO
G-invariant subbundle Q C TG, 0000000000

mo € M 000 projectionGLMDp(g):g-moDDDDDp*gD
geiGOO0O0OO00OOOOO

Qg Cp*g( Fymg)

O00 subbundle Q cTM OOOO0O0OOOO0OOOODOOO

Qe =H — g (Lo)- e TgG «— Qg
Dse | Dxe | ! D+yg } Pxyg
Py — TpM & o o P

Q. =HOOOO kerp,. = Lie(K) CHC GOOOOQ C TG O
left-invariant subbundle.
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O000Lie(K) C H=Q(e) C T.G = G 00O left-invariant subbundle
CTGOOO00D00000Og -mgeM OOD0D fiber Py = pegQy 00
G-invariant subbundle P C7TMO0000O0

(b)

G-invariant subbundle P C T'M O G-invariant vector fields X = (L,)..X,
X epX(P,) =H,0000000P 0O integrable 0 0 O Frobenius 0 O
Vectp(M) O Lie subalgebra. 0000 H O G =7.G O Lie subalgebra. 0
goooon
goodd

Q
O

PCTQOOOO Q= (pr)iy(Prr) , H= Qc= (pr). (Pr), 00O
00 me=F, M=0,0 p=pp 000)0 (pr)i(c) =Br 0000, 0 (4) 00
0000 Prp0O ¢ 0000 maximally isotropic 000000 HO BpOOO
O maximally isotropic 0 D O 000000000 OOOOOOOOOO

23



