HOMOTOPY INVARIANT ALGEBRAIC STRUCTURE

YUJI TERASHIMA

In this note we give a pictorial proof of the statement, which is due to Kontsevich- Soibelman [KS], that the structure of A-category is transferred over homotopy. For A-algebras, Kontsevich-Soibelman [KS] gives a sketch of proof of the corresponding statement, and Akaho [A] gives a complete proof. This note owes much to their ideas.

1. A-category

Definition 1.1 ([F]). An A-category C consists of

• Ob(C) : a class of ‘objects’ • V(a, b) : a Z-graded vector space of ‘arrows’, for each pair a, b ∈ Ob(C) • a linear map of degree 1, called composition map,

d_k : V(a_o, a_1)[1] ⊗ V(a_1, a_2)[1] ⊗ · · · ⊗ V(a_{k-1}, a_k)[1] → V(a_0, a_k)[1],

for each k ≥ 1 and each a_0, a_1, . . . , a_k ∈ Ob(C),

a_0 a_1 a_2 a_3

a_4

V(a_0, a_1)[1]⊗V(a_1, a_2)[1]⊗V(a_2, a_3)[1]⊗V(a_3, a_4)[1]

V(a_0, a_4)[1] d_4 =

satisfying the following relation for each k ≥ 1: � i+j=k+1 � 1≤s≤i

d_i(I^{⊗s-1} ⊗ d_j ⊗ I^{⊗i-s}) = 0.

(1.1)

= 0 � i+j=k+1 � 1≤s≤i

d_i d_j k

The symbol [1] means a shift of degree, that is, for any graded vector space V, V[1] is a graded vector space whose component of degree n is (V[1])^n = V^{n+1}. For simplicity, we use the same symbol I for the identity maps on vector spaces {V(a_{i-1}, a_i)[1]}_{1≤i≤k}.

This author’s research is supported by Research Fellowship of the Japan Society for the Promotion of Science for Young Scientists.

In the sequel, it is convenient to rewrite the relation, picking out parts that i or j equal to 1, as follows:

= 0. + � i+j=k+1

i,j≥2 � 1≤s≤i

d_i d_j k

d_k d_1

Example 1.1 (see [D] [L] [M]). Each complex manifold X gives an A-category C_X:

• objects are holomorphic vector bundles on X;

• the space V(E, F) of arrows is Ω^{0,•}(Hom(E, F)) for each pair of holomorphic vector bundles E, F;

• the composition maps are d_1 = ¯∂_{Hom(E,F)}[1], d_2 = ∧[1], and d_k = 0 for k ≥ 3.

Remark 1.1. An A-category with only one object is an A-algebra:

a_0 a_1 a_2 a_3

a_4

‘retract’

2. sum of trees

Let C be an A-category. Suppose we have a family of complexes C^′ = {V^′(a, b)}_{a,b∈Ob(C)} which is (right) ‘homotopic’ to C. More precisely, suppose that, for each pair a, b ∈ Ob(C), we have

• a Z-graded vector space V^′(a, b) with differential d^′_1 • a chain map f : (V(a, b)[1], d_1) → (V^′(a, b)[1], d^′_1) of degree 0 • a chain map g : (V^′(a, b)[1], d^′_1) → (V(a, b)[1], d_1) of degree 0 • a linear map H : V(a, b)[1] → V(a, b)[1], called homotopy operator, of degree -1 satisfying the following relation:

g ∘ f - I = Hd_1 + d_1H.

(2.1)

Pictorially, this relation is

f g d_1 H - =

Example 2.1 (see [D] [L] [M]). Let X be a complex manifold. Choosing a Hermitian metric on X and a Hermitian metric on each holomorphic vector bundle on X, we get a family of complexes C^′_X homotopic to the A-category C_X in the example 1.1:

• for each pair of holomorphic vector bundles E, F on X, a graded vector space V^′(E, F) is the space of harmonic forms H^{•,0}(Hom(E, F)) with differential d^′_1 = 0 • a chain map f : Ω^{•,0}(Hom(E, F))[1] → H^{•,0}(Hom(E, F))[1] is the projection to harmonic forms • a chain map g : H^{•,0}(Hom(E, F))[1] → Ω^{•,0}(Hom(E, F))[1] is the inclusion • a homotopy operator H : V(a, b)[1] → V(a, b)[1] is ¯∂^∗_{Hom(E,F)}G[1], where G is the Green operator for the ¯∂_{Hom(E,F)}-Laplacian.

Following Kontsevich-Soibelman [KS], given an A-category C and a family of complexes C^′ = ({V^′(a, b)}_{a,b∈Ob(C)}, d^′_1) homotopic to C, we construct a linear map d^′_k : V^′(a_o, a_1)[1] ⊗ V^′(a_1, a_2)[1] ⊗ · · · ⊗ V^′(a_{k-1}, a_k)[1] → V^′(a_0, a_k)[1],

for each k ≥ 2 and each a_0, a_1, . . . , a_k ∈ Ob(C), from composition maps {d_k}_{k≥1} of the A-category C, chain maps f, g, and homotopy operator H. In the next section, it is shown that the linear maps {d^′_k}_{k≥2} with d^′_1 give an A-category structure on the family of complexes C^′ = {V^′(a, b)}_{a,b∈Ob(C)}. The following two steps give linear maps {d^′_k}_{k≥2}:

1. For each oriented planar tree T with k tails and with root,

a linear map

d^′_{k,T} : V^′(a_o, a_1)[1] ⊗ V^′(a_1, a_2)[1] ⊗ · · · ⊗ V^′(a_{k-1}, a_k)[1] → V^′(a_0, a_k)[1],

is given by assigning

• to each tail vertex, the linear map g • to each internal vertex with valency k, the composition map d_k • to each internal edge, the homotopy operator H • to the root vertex, the linear map f

d_2 d_2

d_3

d_2

H

H H g g g g g g

f

) T = d^′k,T := k

2. The linear map d^′_k is given as a sum d^′_k = � T d^′_{k,T} of d^′_{k,T} over oriented planar trees with k tails and with root whose vertex has valency ≥ 2.

3. transfer In this section we give a pictorial proof of the following statement which is due to Kontsevich-Soibelman [KS] (see also [A]).

Theorem 3.1. The linear maps {d^′_k}_{k≥2} with d^′_1 give an A-category structure on the family of complexes C^′ = {V^′(a, b)}_{a,b∈Ob(C)}.

H H H g g g g g g

f d_1

H H H g g g g g g

f d_1 H H H g g g g g g

f d_1 = ∑ T ∑ internal

vertex

= ∑ T

- ∑ T ∑ internal

edge

d^′_k

d^′_1

Proof.

H H g g g g g g

f I

H H g g g g g g

f fg

H H H g g g g g g

f d_1 = ∑ T ∑ internal

vertex + ∑ T ∑ internal

edge - ∑ T ∑ internal

edge

= - ∑ i+j=k+1 i,j≥2 ∑ 1≤s≤i d^′_i d^′_j

. This is the Arelation (1.1) for {d^′_k}. Here we use

• in the first line, the fact that f, g are chain maps; • in the third line, the property (2.1) of the homotopy operator; • in the fourth line, the cancellation of the first sum and the second sum because of the A-relation (1.1) for {d_k}_■ Question 3.1. Can we give a natural ‘geometric interpretation’ of this construction?

References

[A] M. Akaho, A proof of a theorem on quasi-isomorphisms of A-algebras by using Feynman diagrams, preprint.

[D] D.-E. Diaconescu, Enhanced D-brane categories from string field theory, hep-th/0104200. [F] K. Fukaya, Morse homotopy, A-category, and Floer homologies, Proceedings of GARC Workshop on Geometry and Topology ’93 (Seoul, 1993), 1–102, Lecture Notes Ser., 18, Seoul Nat. Univ., Seoul, 1993.

[KS] M. Kontsevich, Y. Soibelman, Homological mirror symmetry and torus fibrations,

math.SG/0011041.

[L] C. I. Lazaroiu, String field theory and brane superpotentials, hep-th/0107162. [M] S. A. Merkulov, Strong homotopy algebras of a Käler manifold, Internat. Math. Res. Notices 1999, no. 3, 153–164.

Graduate School of Mathematical Sciences, University of Tokyo, Komaba 3-8-1 Meguroku, Tokyo, 153-8914 JAPAN.

E-mail address: tera@ms.u-tokyo.ac.jp